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ABSTRACT: We formulate the problem of counting 1/16 BPS states of NV = 4 Yang Mills
theory as the enumeration of the local cohomology of an operator acting on holomorphic
fields on C2. We study aspects of the enumeration of this cohomology at finite N, especially
for operators constructed only out of products of covariant derivatives of scalar fields, and
compare our results to the states obtained from the quantization of giant gravitons and
dual giants. We physically interpret the holomorphic fields that enter our conditions for
supersymmetry semi-classically by deriving a set of Bogomolnyi equations for 1/16-BPS
bosonic field configurations in N' = 4 Yang Mills theory on R* with reality properties
and boundary conditions appropriate to radial quantization. An arbitrary solution to
these equations in the free theory is parameterized by holomorphic data on C? and lifts
to a nearby solution of the interacting Bogomolnyi equations only when the constraints
equivalent to ) cohomology are obeyed.
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1. Introduction

As N = 4 Yang Mills theory is dual to IIB string theory on AdS5 x S° []-f], exact results
in this theory hold the promise of important lessons about gravitational dynamics. A
quantity that appears physically interesting as well as potentially calculable is the exact
finite N partition function over supersymmetric states in this Yang Mills theory quantized
on S3. In the bulk such a partition function would characterize an interacting collection
of supersymmetric gravitons, giant gravitons [J|-fi] and black holes at successively higher
energies, and should contain a wealth of information about the structure and dynamics of
these objects. This BPS partition function may also turn out to have mathematical interest.

The partition function over states that preserve at least one eighth of the supersym-
metries of Yang Mills theory has already been determined [§]. Related issues are discussed
in [{, [d]. Moreover the most general index over all supersymmetric states in this theory has
also been determined in terms of an integral over a single unitary matrix (at finite N) [§].
However the full finite N partition function over all supersymmetric states - which includes
contributions from 1/16 BPS states - has yet to be found. As IIB supergravity on AdSs x S°
hosts no regular 1/8 BPS black holes but (at least) a four parameter class of 1/16 super-
symmetric black hole solutions [L1]] (see [[3-[F] also), the full supersymmetric partition
function is likely to be qualitatively richer than those that have been determined to date.

In this paper we report modest progress towards characterizing the 1/16 BPS partition
function of N/ = 4 Yang Mills theory, which we now proceed to describe.

Our paper is based on the following conjecture. We conjecture that the supersymmetric
spectrum of A" = 4 Yang Mills theory on S is exactly given by the spectrum of 1/16
BPS states of the finite N one loop Beisert Hamiltonian of N' = 4 Yang Mills [id, (7).
This conjecture (which is implicit in [§] and [I§] and was explicitly stated in [[L[9]) is as yet
unproved but is consistent with all known data about the supersymmetric spectrum of Yang
Mills theory, including strong-coupling countings [§, R0, BI]. Via the state operator map,
it is equivalent to the statement that the 1/16 BPS spectrum of N/ = 4 Yang Mills is given
by the nonlinear classical cohomology of a particular supercharge in the supersymmetry
algebra (see section R.2).

In section J of this paper we describe the classical action of this special supercharge
on ‘letters’ of Yang Mills theory at the origin of R*. These ‘letters’ are simply all covariant
derivatives of the basic gauge invariant fields - scalars, field strengths and fermions - of
N = 4 Yang Mills theory (subject to the operator equations of motion). The structure of
the action of a supercharge, @, on any letter A of Yang Mills takes the form QA = [B, C]|



where B and C are other letters, and the commutator involves matrix multiplication. It
follows immediately from this structure that @ acts on products of traces ‘one at a time’.
This allows us to argue that the cohomology of @) at energies smaller than N (when products
of traces form an unambiguous basis of gauge invariant operators) is simply given by the
Bose Fermi multiparticling of the single trace ) cohomology.

This result, which follows immediately from general considerations, already makes
an interesting prediction for bulk dynamics. Recall that single trace operators are dual
to bulk gravitons. Consider a collection of bulk gravitons, each of which is individually
annhihilated by a particular supercharge. Our result implies that the collection in question
is also annihilated by the same supercharge (i.e. that 1/N interaction effects do not lift the
energy of this collection above the sum of energies of its consitutents) provided that the sum
of energies of the gravitons is smaller than N. We do not know how to derive this result from
the bulk, but it follows immediately as a consequence of our conjecture about ) cohomology.
As the set of 1/16-BPS single trace Yang Mills operators is already known (it consists of
descendants of chiral primaries), our argument lends support to the 1/16 BPS partition
function of Yang Mills theories at energies smaller than N conjectured in [§ (see also [P3]).

In section f we also demonstrate that () simplifies when acting on a local field which
may mathematically be thought of as a generating function for covariant derivatives of
the letters of Yang Mills theory. We will find a physical interpretation of this generating
function in section [

Having listed the action of the () operator, it is natural to attempt to ennumerate its
cohomology. We have achieved very modest progress in this direction. Our concrete results
pertain to special subsectors of Yang Mills theory. First consider a subsector of operators
built out of any number of supersymmetric covariant derivatives of a single supersymmetric
scalar. It turns out to be easy to evaluate the partition function over all operators in
() cohomology which have at least one representative in this sector. Our result in fact
agrees with the partition function previously obtained by Mandal and Suryanarayana by
quantizing a related class of giant gravitons [21]. We point out that the naive quantization
of the relevant dual giant gravitons does not reproduce the same result, and provide a
physical explanation for this discrepancy.

We then turn to a consideration of operators built out of arbitrary numbers of deriva-
tives of any of the three scalar fields of Yang Mills theory. Already the cohomology en-
numeration problem in this subsector appears to be a complicated combinatorial problem
that we have not been able to solve in general, except for a simple case (see section 3.2)
in which we use the combinatorics of syzygy 3, B4 to find the exact partition function.
However we do present a rigorous upper bound on the growth with charge of this partition
function and demonstrate that this growth is parametrically too slow (in the parameter
N) to account for black hole entropy. Consequently, black hole entropy is presumably
dominated by operators that are not Q equivalent to operators constructed out of scalars.
We leave the study of such operators to future work.

Finally, in sections [| and || we attempt to obtain a physical interpretation of the local
generating fields that naturally appear in our description of the action of @ on 1/16 BPS
letters. For this purpose it is useful to take a step backwards from the quantum problem we



have studied so far, and study the manifold of classical 1/16 BPS configurations of N' = 4
Yang Mills theory on S3 x R (or equivalently on R* with appropriate reality conditions)
focusing on the bosonic sector. We will now discuss this in some detail.

The bosonic subgroup of the N/ = 4 superconformal algebra is SO(4,2) x SO(6). A
basis for the Cartan subalgebra of this algebra is given by the energy E of states (the
quantum number under the timelike SO(2) factor of SO(4,2)), the half integer J and J
values of SU(2) x SU(2) ~ SO(4) € SO(4,2) and H;, Hy, Hs, the generators of rotations
in orthogonal two planes in SO(6).! Let @ denote the supersymmetry operator of A/ = 4
Yang Mills, whose Cartan charges are given by £ = %, J = —%, J=0,H =Hy=H; = %
It follows immediately from the superconformal algebra that states that are annihilated by
both @ and its hermitian conjugate obey the BPS bound A = EF—2J — Hy — Hy— H3 = 0.
We prove a classical version of this bound; in particular we demonstrate that the classical
Noether charge corresponding to A is equal to a sum of squares, and so is positive definite.
Classical bosonic configurations with A = 0 obey a set of first order Bogomolnyi equations
obtained by setting each of these squares to zero.

While the first order supersymmetric equations are explicit, they are nonlinear and
we do not know how to solve them in general. However these equations may be solved
very simply when gy is set to zero, when the equations linearize. It turns out that the
supersymmetric solutions of the free theory are parameterized by holomorphic data on
the base C? = R*. The holomorphic data that parameterizes free solutions may, infact,
be identified with the holomorphic generating functions on which the action of @ was
conveniently defined, as described above.

It is then natural to ask whether each supersymmetric solution at gyy = 0 admits a
small perturbation to a supersymmetric solution at infinitesimal gyy. This question may be
addressed perturbatively and the answer is no. It turns out that supersymmetric solutions
of the free theory must satisfy an infinite class of integrability constraints (the first of
which is the integrated Gauss Law) in order that they may be perturbed to supersymmetric
solutions at infinitesimal coupling.

Now the quantization of all supersymmetric states of free Yang Mills theory simply
yields the Fock Space of supersymmetric Yang Mills ‘letters’. Suitably interpreting the
constraint equations above as quantum constraints that must be additionally imposed on
Hilbert space, we recover a description of the supersymmetric Hilbert space that reduces
to the description of () cohomology described in the first part of this paper, but this time
with a physical interpretation for the ‘generating function’ fields as physical Yang Mills
fields propagating on physical R* but restricted to the supersymmetric sector.

The plan of the rest of this paper is as follows. In section [] we state our cohomol-
ogy problem, discuss the superposition of BPS states with low energy, review the classical
cohomology problem and reformulate it using fields in terms of which the action of @Q is lo-
cal. We show in particular that the constraints of ()-cohomology for operators constructed
purely from bosonic letters reduce to holomorphic, local gauge invariance and symmetriza-
tion of these fields. In section [§, we consider counting the states of the classical cohomology

'We shall also use Ji, Jo rotating two orthogonal 2-planes, J = % and J = %



which are made of scalar letters. We obtain exact partition functions in the single scalar
sector and in the two scalar sector with U(2) gauge group, and also present an upper bound
partition function for the general scalar cohomology. Using these results, we discuss the
giant graviton interpretations and also show that the degeneracy of these cohomologies
grows too slowly to form a black hole. In section [§ we present a set of bosonic classical
1—16—BPS equations for N' = 4 Yang-Mills theory. In section [ we focus on the solutions
of these equations in weakly-coupled Yang-Mills theory. We show that the solutions of
free theory should obey infinitely many constraints to be lifted to nearby solutions in the
interacting theory. In section [, we attempt to radially quantize the system. Imposing a
natural quantization prescription in the weakly-coupled theory, we obtain a final condition
which is equivalent to that of the Q-cohomology. We also obtain an interpretation of the
local fields as physical Yang-Mills fields on C2. Appendix [A] reviews the supersymmetry
transformations. Appendix [ provides an independent check for our SU(2) two-scalar par-
tition function in sectors with a few derivatives. Appendices [0, O, [H, [] treat the details
of sections ] and [] as well as presenting some exact solutions of our BPS equation.

2. The 1/16 BPS cohomology

N = 4 Super-Yang-Mills on S% x R has a P SU(2,2[4) group of global symmetries. The
fermionic generators of this algebra are 16 supersymmetries, Q°,,Q;s and 16 super con-
formal generators S&, S%*. These generators transform in the SU(2) x SU(2) x SU(4)r
bosonic subgroup and an upper SU(4) index i = 1...4 indicates a fundamental representa-
tion, while lower indices are antifundamental. With radial quantization, these generators
satisfy the relations:

S = Q)T 5 = (Qia)'

Qi = (Q4)" 5 =(S7)

where * denotes complex conjugation and { denotes hermitian conjugation.

(2.1)

We will be interested in states of the quantum theory which are annihilated by the
minimum number of supercharges. These are 1/16 BPS states, which are annihilated by
only a single supersymmetry, say Q* (written as @ in the introduction), and its hermitian
conjugate S; . That is, we are interested in states that satisfy Q% |¢)) = S [v) = 0. It will
be convenient for us to adopt a slightly formal description of these 1/16 BPS states: If we
formally regard Q* as an exterior derivative d and S 4 as its Hermitian conjugate dx, then
{Q*, S, } corresponds to the Laplacian A = d * d + dd*. Standard arguments show that
states with A = 0, which are harmonic forms, are in one-to-one correspondence with states
in the cohomology of d. Analogous arguments, formulated in terms of Q1,S, show that
states which satisfy {Q%,S; }|¥) = 0 are in one-to-one correspondence with states in the
cohomology of Q* .

Therefore, from now on, we will consider the set of 1/16 BPS states to be either all
states that are annihilated by both Q* and Sy, or all states that are Q* closed but not
Q* exact. From the point of view of calculating a partition function over the 1/16 BPS
states, the two formulations are equivalent.



2.1 Cohomology at energies less than N

We will first consider the BPS cohomology of N' = 4 at energies less than N where we can
characterize it fully.

Consider any basis for single trace operators in Yang Mills theory. The key observation
here is that the action of @ on Yang Mills fields takes the form QA = [B, C] where each of
A, B, C are adjoint Yang — Mills letters (see appendix [A]). It follows that the action of Q
on a single trace operator once again returns a single trace operator.? Consequently it is
possible to choose a graded basis in the space of all single trace operators. Let {;} represent
any basis of single trace operators such that [Q,~;] # 0, and let {7;, @i, «;} represent a
basis of all operators in the theory. As «; are linearly independent of all states that are not Q
closed ({7;}) and all states that are @ exact {Q~;}, the set {«;} is a basis for ) cohomology
in the single trace sector. We denote the linear space spanned by {«;} by HEESY’

We will now argue that at energies (or scaling dimensions) less than N, the full BPS
cohomology of Yang Mills theory is given by F (HSITJSY)- This result follows immediately
from the observations that

1. The fock space of single trace operators constitutes basis for the space of all gauge
invariant operators at scaling dimensions less than V.

2. The action of @) preserves the number of traces, and moreover () acts in a trace by

trace manner; for example
Q. AB) = [Q, A|B + A[Q, B] = 0, (2.2)
where A and B are single trace operators.

3. The mathematical result that the fock space cohomology of an operator () is the fock
space of its cohomology (see for instance the discussion surrounding equation 12.4.23

of ).

It may be useful to illustrate point 3 above in two trace sector. Let A and B each
belong to single trace cohomology. It is obvious that AB is @ closed. Further, it is always
possible to choose our single trace basis such that A and B are o and ag (provided A and
B are not proportional). It is then clear that AB = [@, O] as any nonzero term on the r.h.s.
of this equation contains a piece proportional to [@,~;] for some 7; and so cannot equal
ajagy. Consequently AB belongs to Q cohomology. Further if A and A’ are Q equivalent
it is obvious that AB and A’B are ) equivalent for any @ closed B. Finally it is also clear
that the operators a;a; are () inequivalent for different values of the pair of indices {7, j}.
All this establishes that the symmetric product of single trace cohomology lies within the
fock space of ) acting on the symmetric product Hilbert space. Similar arguments may be
used to establish the strict equality of these two constructions.

2At high energies it may be possible to use trace identities to rewrite this operator as a polynomial in
multi traces, but one may always choose not to do so. At any event we eventually focus, in this section, on
energies less than N where such a rewriting is impossible.



We now turn the question: What is the cohomology of () in the single trace sector?
While we are not aware of a complete proof of this result, it seems overwhelmingly likely
that this cohomology is simply given by the set of 1/16 BPS descendants of chiral primary
operators, i.e. the list of 1/16 BPS single gravitons in AdS5. Nontrivial evidence for this
conjecture was reported in [P3]. Assuming this to be the case, we have proved in this
section that the cohomology of @ in is given by the fock space of 1/16 BPS gravitons
at energies smaller than N. As we have discussed in the introduction this is already a
nontrivial result; it implies that 1/N effects cannot renormalize the energy of a collection
of 1/16 BPS gravitons.

At energies larger than N the arguments of this subsection no longer apply; indeed
that is a good thing as the entropy of the fock space of supersymmetric gravitons grows
with energy like %, a growth that is too slow to account for the O(NN?) states at energies
of order N2 of 1/16 BPS supersymmetric black holes. In the next section we will begin
a systematic investigation of ) cohomology at energies larger than N. Unfortunately we
will be able to report only modest progress in characterizing this cohomology.

2.2 Generalities on classical cohomology

N =4 SYM has 6 scalars ®;;, 4 chiral fermions ¥;, and a gauge field Aaﬁ" The scalars
®;; are in the antisymmetric product of SU(4). The scalar fields satisfy P = ®% where
P = %eijklékl. The complex conjugates of the fermions are WY,

We will write the field content in terms of chiral fields defined as (we use the convention
64mnp — +6mnp):

- 1
(I)4m = (bm §6pmnc1)mn = (I)4p = ¢p Vin = Ao Yina = Yma (23)

with m,n,p=1...3.

Also, from now on we will denote the special supercharges as Q% = Q,, S§ = S and
denote the remaining supercharges as Q7' with m = 1,2,3. With these definitions, the
action of the supercharges on the fields is listed in appendix [A].

To begin with, we consider the cohomology of Q_ at zero coupling, where all commu-
tators in the supersymmetry algebra vanish. The supersymmetry algebra has:

AEZ{Q_,S_}:E—QJ—Hl—HQ—Hg (24)

where F is the dilatation operator, or the energy in radial quantization, J is the left SU(2)
charge and H; are the SU(4) Cartans. At zero coupling, we can solve the cohomology
problem by simply listing all basic fields or ‘letters’ in the theory which have A = 0. These
are ¢, A\g, ¥my, f+4 and derivatives D, 4 acting on them, where f,, denotes the ++
component of the field strength f,3. A quick look at the supersymmetry algebra shows
that these letters are (Q_ closed, but not Q) exact. The gaugino equation of motion,

0.3 =0, (2.5)

is the only equation of motion that can be constructed out of these letters. At zero cou-
pling, any operator constructed out of the A = 0 letters, modulo this equation of motion,



will be 1/16 BPS. The partition function over the above letters can easily be calculated
and can be found in [f].

At finite coupling, the commutators appearing on the right hand side of the supersym-
metry algebra in appendix [4] introduce constraints on the free cohomology. The essential
point in what follows is that we will formulate the supersymmetry algebra in a way that
makes some of these constraints easy to implement in some sectors.

The action of the special supercharge (J_ on the supersymmetric letters is:

Q.8 =0
{Q- Yny } = €nmp [Q_Sm, Qgp]
@50 (2.6)

[Q—7f++] =1 [ngﬂ/Jer] :

We define a field corresponding to each supersymmetric letter to simplify the analysis of
derivatives:

ni n2

(;_Sm(z) _ Z D) Dnan2¢m

n1'n2

ni n2

AR n n
f2) =) 5 5 DDy fay

’I’L1'

(2.7)

ni  n2

Z1 2 n n
Ui (2) = A2 DI DYy

’I’Ll'TL !

Ra(z) = SO A2 pmpps,
d(Z) - Z TLl'ﬂQ 2

The derivatives D4 have been abbreviated as D, D2 and all derivatives should be un-
derstood to be symmetrized. That is D1 D¢ denotes %(Dng + D3D1)¢ and so on. With
these definitions the action of Q_ on the supersymmetric derivatives is

[Q—ded = _Z[S‘Ond +DdQ—C7 (28)

and the action of Q_ on the supersymmetric fields is

[@-, 9™ (2)] = ~i[z*(1 + 2 - 0) "' Xa(2), 6™ (2)]
Q- f(2)] = =il* (1 + 2+ 0) " Xa(2), F(2)] +1 [8"(2), ¥ns(2)] (2.9)
{Q_,j\ﬁ 2)} = —i{z%(1 +2-9)  Xalz ’)‘B(Z)} '

2)y = —i[2Y(1+ 2 0) "N (2), Yma (2)] + Emnpl@™(2), PP (2)] -

In particular, the action of (J_ has two terms: The first has the form of an infinitesimal
gauge transformation parameterized by the object z%(1 + 2z - d)7tA4(2) and the second is
completely local with these field definitions.



We include here a proof of the above supersymmetry transformations for fields which
are independent of zo. For simplicity of notation, we write Q_ = @Q and Dy = D:

n—l n—1 k

[Q,£(2)] = 2 Z( . ZZ%[DJ,\,D%H&D Z Dan

o= 1 n-l on
- _¢ZZ< Z <Zz' > (DA, D1 15}) +> 5 D"Q.¢]
o= 1 n-1 n[ L N "
=—z‘zZ( T T T (DA D 15})*;513 @€

=0

n =0
N[ DY D
__Zzzn:;[(l+1)!z’(n—l—l)!z }
= —i [2(1+20)7'\(2),£(2)] +[Q, €](2) (2.10)

The general case, allowing both derivatives follows by similar arguments which keep track
of the fact that derivatives are symmetrized. We note that it is also possible to write the
action of some of the supercharges which commute with _, S~ in a form similar to that
in equation P.9.

2.3 1/16 BPS cohomology at finite N in the sector made of bosonic operators

In this subsection, we will describe the 1/16 BPS cohomology in the sector where operators
are constructed from any number of derivatives, scalars and gauge fields. More precisely
we will study the counting all elements of () cohomology that are () equivalent to a purely
bosonic operator.

Let us first study consequences of the requirement that the operators we study are @)
closed. Recall that the action of Q on ¢™ is proportional to the gaugino operators. Since
we are considering only operators which themeselves contain no gauginos, we may simply
regard the gaugino field as an arbitrary holomorphic fermionic field. Consequently, the
transformation

Q_¢™(z) = —ilz5(1 + 2+ 0) " Aal2), 6" (2)] (2.11)
is simply a gauge transformation parameterized by W (z1, 20) = 2%(1 + z - 9) "' X4 (2). We
conclude that the set of @ invariant operators constructed out of the fields ¢™(z) is simply
the set of operators made out of these fields that are invariant under z dependent U(NN)
gauge transformations acting on ¢™(z).

We reiterate that @ closed operators constructed out of ¢ (z) (and, as we will see below
the gauge field f(z)) must be gauge invariant under all holomorphic gauge transformations
W (z1,22). If we choose to construct gauge invariants using traces, the requirement of @
closedness requires that every field inside any given trace is evaluated at the same z. Of
course different traces may be evaluated at different values of z. For example, if x # y, we
may consider tr ¢! (z)¢?(z), but not tr ¢! (z)d?(y).

In order to understand the constraints from () exactness consider

{Q=, m+(2)} = —i {zd(l +z- 8)_15\d(z), 1/1m+(2’)} + €mnp [(13"(2), (Ep(z)] . (2.12)



This relation implies that operators containing commutators of scalars inside a trace are Q) _
exact. In particular if |x) = tr (A(z)[¢"(2), 8" (2)]) x ... and |x)’ = 3§ tr (A(2)e™ 1y (2))
then Q_|x) = |x) (the terms in @ variation that involve the gaugino cancel out because
of the ‘gauge’ invariance of |y)’ as described in the previous paragraph).

Now let us study the requirement of ) invariance of operators containing the gauge
field f. We see that the two terms on the right hand side of

[Q-, f(2)] = =i [2*(1+2-0) " Xa(2), f(2)] +i [¢"(2), ¥nt(2)] (2.13)

must be annihilated separately since one involves a gaugino and the other a chiralino. The
first term is the same gauge transformation we saw above in equation (R.11) and the second
constraint ensures that no operator constructed purely from bosonic letters may contain
f(2) except the operator tr f(z) in the U(NN) theory.

Therefore states in Q cohomology in the SU(N) theory that are composed entirely
out of bosonic letters can chosen to satisfy two constraints: They must be gauge invariant
functions of the local fields ¢ (z) and they can be chosen to be completely symmetrized
on all scalars inside any given trace.

We have so far been studying operators constructed out of the generating functions
#™(z). While these generating fields are convenient for many purposes, they do not carry
definite values of the angular momentum quantum number J. If we are interested in
counting operators graded by J, as we typically are, then we must eventually return to the
derivative basis. In this basis the single trace operators in ) cohomology are

DY D2 tr (61)™ (64)™ (%)™, (2.14)

where Dy, Ds refer to the derivatives D4, which can be regarded as ordinary derivatives
since they act on gauge-invariants. The scalars inside the trace is regarded as being sym-
metrized. The only remaining constraints on the cohomology in this sector are the trace
relations which become important for operators with more than N letters and reduce the
number of independent operators. In the U(N) theory, the field strength f(z) may also
participate, but in a rather trivial way as explained above.

This description of the scalar operators in ) cohomology is not yet explicit enough to
provide a simple counting rule to ennumerate these operators. The reason for this is that
we have not yet come to grips with the trace identities that complicate this ennumeration.
We will have only modest success in taming these identities in the next section.

3. Partition functions at finite N

In this section, we will compute the exact partition function of the 1—16—BPS cohomology
in several subsectors involving scalars and derivative operators only: the latter restriction
meaning that the cohomology has at least one representative made of scalars and derivatives
only, as discussed in the previous section.

To be concrete, we provide a partition function of cohomologies involving one species
of scalar and arbitrary derivatives in U(/V) gauge theory, and also involving two species of

— 10 —



scalars and arbitrary derivatives in U(2) gauge theory. The combinatorics of plethystics
and syzygies, explored recently in [BJ, P4 in the context of chiral rings, proves useful in
obtaining the partition function of the two scalar species U(2) subsector.

We also investigate a partition function which provides an upper bound for the exact
degeneracy of 1—16-BPS cohomology involving all scalars and derivatives. The latter upper
bound is obtained by loosening the condition for the 1—16-BPS cohomology and we explain
that it has a clear interpretation in the dual gravity context. The same upper bound
partition function can be obtained by ‘naively’ quantizing the 1—16—BPS fluctuations on
dual giant gravitons in AdSs x S°. The purpose of studying the upper bound partition
function is twofold. One is to conclusively show that one cannot reproduce the entropy of
supersymmetric black holes from the purely bosonic cohomology. Another purpose is to
try to have a better understanding of the 1/16 BPS states in the regime g;N > 1, E > N
using giant gravitons.

3.1 Partition function of a single scalar and all derivatives at finite N

Now we will consider the sector generated by a single scalar, say ¢! and all derivatives.
Our prescription states that the operators® we should count are generated as products of
the single trace states tr (gz_bl(z))n These operators may be counted very simply at a given
z even accounting for trace identities; the answer is given simply by all polynomials of
tr ((131 (z))n [B4]. In order to account for the z dependence we must count all polynomials of

DDy tr (oY) n=1,...,N (3.1)

The multi-trace partition function is given by the formulae of Bose statistics

00 N 1
ZN(/,L1,91,92) = H H W (32)
k1,ka=0n=1 L — 6705

We now turn to the bulk interpretation of this partition function. Let us first study our
partition function in terms of giant gravitons. The giant gravitons which are dual to the
operators considered in this section are 1/8 BPS D3-branes that wrap S3s with a particular
orientation on the S° and move on a given (pointlike) trajectory in AdSs [B7, Bg, RI].
The set of such configurations can be quantized and the resulting partition function was
computed in 1] and agrees exactly with B.2.

It is natural to inquire whether this partition function admits other complementary
bulk interpretations. Recall that the BPS sector of Yang-Mills chiral ring admited two
complementary quantizations; the first 29, (] from quantizing gravitons [B(], and the
second quantizing by quantizing dual giant gravitons [R]. (The latter approach has been
generalized [B1, B3 to certain N’ = 1 superconformal theories.) The two descriptions yield
exactly the same partition function in this sector, which also agrees with the Yang-Mills

3Such states are in fact 1/8 BPS states, but preserve a different set of supercharges from the better
studied chiral ring. The chiral ring (which can be constructed from the zero modes of the 3 complex scalars,
gz_SZ) counts states that are annihilated by Q. and S¢, but the states of this subsection are annihilated by
Q-,S™ and Q',S; instead.
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theory result [§]. In section B.4 we will discuss problems with an analogeous dual giant
interpretation of (B.2)

3.2 Exact partition function in sector with 2 scalars for U(2)

In the last subsection we presented an exact partition function over operators in () coho-
mology that are composed of arbitrary numbers of derivatives of a single scalar field. In
this subsection we will present the only other exact partition function in our paper - the
partition function over operators in () cohomology that are composed of arbitrary numbers
of derivatives of two scalar fields - but only for the gauge group U(2).

Restated, in this section, we will calculate explicitly the partition function in the sector
with 2 scalars, and all derivatives for gauge group U(2). For convenience, we denote the
2 scalars as X,Y. We will employ the plethystic exponential described in [23, 4. An
independent check of our partition function can be found in appendix [Bl.

We first consider multi trace states constructed from the two scalars X,Y without any
derivatives. These are 1/4 BPS states and their counting is well known; see for example [g].
At finite N, one must restrict the total number of traces used to form independent multi-
trace operators to be less or equal to N. For convenience, we include a trivial identity
operator %tr(l ~) and constrain the number of traces to be exactly N. The partition
function over the 1/4 BPS states in the U(V) theory is the coefficient of p¥ in

00 00
1
Z(pnuly,u2) = E pNZN(,uh/Q) = H m . (33)
N=0 n1,m2=0 Py fe

The variable p is a chemical potential for the number of traces. In particular, the %—

BPS partition function for the U(2) theory can be can be obtained by computing Zo =

2
%(‘?_Iﬂz(p7 M1, MQ)

L+ prapo
1 —p1)?(1 = p)?(1 4 pa) (1 + )

ZQ(NluNQ) = ( (34)

An alternative way of imposing the trace relation constraint is to leave the number
of traces unrestricted, but to instead restrict the number of letters inside each trace, as
discussed in section B.J]. For gauge group U(2), the following single trace operators generate
the most general multi-trace operators in the 1/4 BPS sector:

Onyny =0 (X™MY™) | ny+ny <2, (3.5)

They are called primitive operators, or generators. While these primitive operators generate
all multi-trace operators in the 1/4 BPS sector, there is a redundancy, or overcounting of
operators since there may be more than one polynomial relation among O,,,, arising from
trace relations. Such relations are called syzygies [24]. Explicitly, in the i—BPS sector with
U(2) gauge group, there are five primitive operators

O = tr(X) , Op = tr(Y) , Oy = tr(X2) , O = tr(XY) , O = tr(Yz) R (36)

- 12 —



which are subject to only one syzygy (see section 6 of [24])
020(001)2 + 002(010)2 + 2(011)2 — 2090002 — 2010001011 =0 . (3.7)

One may regard this syzygy as relating (011)? = (tr(XY))? to a combination of primitive
operators containing no more than one Oq;.
The partition function of the primitive single trace operators is

2y(pi, pi2) = pi1 + pi2 + pF + papo + 5 (3.8)

Had one been ignoring the syzygy, we would have obtained a multi-trace partition function
simply by multiparticling (or taking plethystic exponential of) this single trace partition
function

, o [S 2L ) 1
Zalin, p2) = p<2; r ) (1= ) = p2) (1 = p) (L = p3)(1 = papiz)

(3.9)

Comparing with the correct answer Za(ju1, p2), we find that Z} overcounts the states, sim-
ply because to the relation (B.7) is ignored. subtracting this, the correct partition function
should be

Zy(p1, p2) = Zy(p, pi2) — pin3 Zs(pa, po) = (1 — pips) Zy(p, pa) (3.10)

which is indeed true. The second subtracted term corresponds to eliminating the contri-
bution to the partition function from operators of the form

( tr(XY)) ’ ( arbitrary multiplication ) , (3.11)

since we do not want to count any operators containing more than one O;; = tr(XY).

The above elimination of overcounting, or compensation for syzygies, can be phrased in
terms of the single trace partition function. The factor (1 — p2u2) in (B.10) can be regarded
as coming from the Plethystic exponential of —u?u3. In other words, the ‘effective’ single
trace partition function which gives the correct multi-trace answer is

Zo(p1, p2) = p1 + pig + i + papie + b — i (3.12)

Formally, the last term may be regarded as eliminating the redundant generator (tr(XY))?
by giving it ‘degeneracy’ —1.

Now we wish to add derivatives to each single trace operator. First, to each term in
the single-trace partition function with positive coefficients (corresponding to a primitive
operator), we multiply a factor

1 o
=001 —6s) kl%::()(@l)’“ (62)", (3.13)

where 0, and 6y are chemical potentials for the two angular momenta, i.e., numbers of
derivatives. Furthermore, the form of states that should be eliminated (due to syzygies)
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should also be multiplied by this factor, since any set of derivatives acting on a syzygy also
represents a redundancy to be eliminated from the counting. Therefore, one obtains the
following single-particle and multi-particle partition functions:

Z )
zo(pi, pa, b1, 02) = a _2éf)1(1ui)92) (3.14)
0 2ot i, 07, 0%
Za(p1, pra, 01,02) = exp (Z 2l 'ui - 2)> : (3.15)
r=1

Following the above procedure, one finds

Zo(p, pa, 01,02) = (3.16)
1 L — 30705

:klgzo(l — 0P 05) (1 0 057) (1 o 047) (1 w30} 047) (1 ot 07)

In the appendix [B we provide an independent nontrivial check of this result.

It is natural to wonder whether the U(N) partition function including all three scalars
and all derivatives may be explicitly calculated by the same procedure using the single
trace basis. With U(2) group, an explicit check of the kind carried out in the appendix [B,
which can be easily extended to the cases with three scalars, shows that this is not the
case. We find that an apparent reason for this failure seems to be the following: while the
single trace partition function ([.19) is a finite series with two scalars, the similar function
becomes an infinite series with three scalars in U(2). This is pointed out to correspond to
the fact that C*/Zs is a ‘complete intersection,” while C®/Zs is not [24]. There could be
more delicate combinatoric structures applicable to all cases, beyond what we found in the
case with U(2) two scalars.

3.3 Upper bound on scalar sector and high energy scaling

While we have not been able to find an exact formula to count all operators in Q cohomology
that admit representatives composed purely of scalar fields, in this subsection we will
present a rigorous upper bound for the growth in the number of such operators as a
function of their energy. In particular we will demonstrate that when the charges and
energy of operators are taken to be O(N?), this sector does not contain enough operators
to reproduce the N? scaling of the entropy of black holes in AdSs x S°.

Firstly, for the purpose of enumeration, the scalars in our cohomology may be regarded
as commutating, or diagonal, matrices. Our upper bound is obtained in the U(/V) theory
by allowing any number of derivatives to act on any of the N eigenvalues of any of the three
scalars. That is, we will ignore the fact that the eigenvalues should really be symmetrized
inside each trace, before the action of the derivatives. Counting this larger set of operators
will give us an upper bound for the number of operators in the scalar and derivatives sector.

Let us first characterize the above ‘relaxed’ Hilbert space. This simply consists of the
N bosonic particle states made of the single eigenvalue Hilbert space, which we call Hj.
The last H; is characterized as follows: We have the letters

O Ow  kj=0,...,00, i=123 (3.17)
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and H; is made of all words constructed from these commuting letters. Then the full
partition function is the coefficient of p” in

z=1] ! (3.18)

1— pe_ﬁ ki g (R +kS)

i
ny; =0

where the k;; =0,...,00and i = 1,2,3 and j = 1,2. (We have set e# = pu; = 6, for
simplicity.)

Let us pause for a brief comment. As we have described above, the limit N — oo
our relaxed Hilbert space is given by the Fock space the Hilbert space of supersymmetric
scalar states of U(1) Yang Mills theory. On the other hand the restriction to scalars of the
correct N — oo limit of the 1/16 BPS partition function (see section 2) is given by the
Fock space of a much smaller Hilbert space - the space of scalar 1/16 BPS descendents of
chiral primaries. This makes clear that our relaxed Hilbert space is much larger than the
actual Hilbert space a energies small compared to N. On the other hand we argue in the
next section that the relaxed Hilbert space is not very different from the exact space at
the opposite high energy end.

Now one obtains the free energy and IV in terms of p and the temperature 3:

- _ i _ e B2k, g, (1] +ES)
F 1/8InZ 3 E In (1 pe KATRLIT R )

e (3.19)
) 1 '

NYy=p—InZ = . —— .
(V) Pap™ ZZO pLeP T (ki +k) _
ny=

p must take a value in [0, 1]. We now consider the high temperature limit 5 < 1. In this
limit, there are a large number of states such that 5 nz(l + ki 4+ k%) ~ 0sothat if p~ 1,
these states will produce a divergent contribution to the right hand side of (B.19). Since
the left hand side is finite, it must be that p < 1 when § < 1.

In this case, we may approximate the particle number as

o0 [ee]
~ =B ni (1+ki+k5) _ —Bni (1+k{ +k3)
(N) pe D e

s (3.20)

1
=b H 1 — e—B(+ki+k2)
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Next we calculate (E):

[e.e]

>onj (1 + ki + k) N . —B ni (14+ki +ki) i iy g
(E) = Z 1By (rkitky) _ 1 P Z ¢ e [Z”k(lJrkl +k3)

n}'c:O p nZ:O
3
> 1 1+ by + ko }
=| II 30D ith 1
Btk tk 1tk +ha) _

ey 1 — e~ B(l+ki+k2) { - eB(+ki+k2) _ 1
B 1+ ki + ko
= 3N (Zk: SR T 1) . (3.21)

We will next extract the § — 0 asymptotic form of the series
o0
1+ Fky + ko
Z T iR T (3.22)
e

(A+ki+k2) _ 1
k1,k2=0

Defining x = Sk and y = (ko, we find that dx and dy are small in the 8 — 0 limit, so that
we can approximate the series by a 2-dimensional integral. Ignoring 1 in the 1+ k1 + ko
which only gives subleading terms in (3, one obtains

> 14+ k1 + ko 1 /OO /OO x+y
————— R — dx dy ——— . (3.23)
kl,%::o eB+kitkz) 1~ 33 [, 0 ety — 1

Defining ¢t = x + y and u = %5, this term becomes

1 (> [z t 1 [ 2 2(3)
il - - 24
53/0 dt | du o— 63/0 dt =y =" (3.24)

where ((s) = Y 32, 7~ is the Riemann’s zeta function. Note that ¢(3) = 1.2020569 ...
The above evaluation gives

NG

6N((3
) - 22D

Next we process F', using the fact that pe_ﬁ Pk (I+R 1K) < 1, which allows us to
truncate the log series:

(3.25)

3
o PSS kR _ P T 1 N
Fr—5 Ze IR = 2 11 T RATRT 7 (3.26)
ni =0 k1 ,ka=0
Since S = 3(F — F) ~ @(ﬁ% + N, we have in the limit of small 5,
6C(3)N
S = (ﬁ2) . (3.27)
Eliminating § from the expressions for (F) and S, we find that
1/3
S = (6((3)N> E?3. (3.28)

— 16 —



So for states with energy O(N?), we have S ~ N 5/3 < N2. This establishes conclusively
that there are not enough states in this sector to form a black hole.

Note the entropy of a fock space of scalar 1/16 descendants of chiral primaries grows
like KE5/% where K is a number of order unity. Thus (B:2§) has more states than multi-
gravitons for £ < N? (this is because relaxation of the Hilbert space greatly increases
the number of states at low energies) but fewer states than multigravitons at £ > N2
(because (B.2§) accounts for finite NV truncations absent in the Fock space, which are im-
portant at high energies). The two ennumerations yield approximately the same number

of states at energies of order N2.

3.4 Upper bound, exact degeneracy and (dual) giant gravitons

In the %-BPS sector, the degeneracy of chiral primary operators has been convincingly
reproduced from the bulk perspective by quantizing giant gravitons [B0, B9, B, R1]. Two
complementary approaches are available; one which quantizes the giant gravitons extended
in S°, and another which quantizes the dual giant gravitons extended in AdSs. In the
1—16—BPS sector, or more generally in a sector with nonzero angular momentum in AdSs,
such an understanding from the bulk viewpoint is almost lacking, except in the very simple
sector investigated from the bulk viewpoint in [21] and from gauge theory in our section 3.1.

The upper bound we provided in the previous subsection has an interpretation from the
bulk perspective. We will show that it can be regarded as the result of a naive quantization
of the %-BPS fluctuations [BJ] on the dual giant gravitons of [R1]. As we have already seen
in the previous subsection, the upper bound relaxation is far from a good approximation
of the correct 1/16 BPS Hilbert space at low energies. In this section we will explain why
(from a dual bulk perspective) the naive dual graviton quantization fails, and also explain
when we expect it to yield approximately reliable results.

First, we briefly review the 1—16—BPS fluctuations on dual giant gravitons and interpret
the upper bound partition function in terms of such fluctuations. The giant graviton
solutions carrying angular momenta in AdSs are constructed in [BJ], which takes advantage
of the embedding of AdS5 x S° in C?**! x C3 equipped with a flat metric with two negative
signatures. Using the six complex coordinates of the latter space, the worldvolume of the
giant graviton is given by the 6-dimensional holomorphic subspace defined by 3 complex
equations which are homogeneous in a suitable sense. See [B3] for the details. The latter
space becomes 4-dimensional as one intersects this 6-dimensional space with AdSs and S°.
In particular, taking the 3 coordinates of C3 and C?*! to be z, y, z and w1, ws, w3 satisfying
lz|2 + |y|? + |2|? = 1 and |w3|> — |w1|? — |wa|? = 1, the 3 complex equations for a spherical
%—BPS dual giant gravitons can be written as

Tw3 =c1, Yws=Cy, ZW3=cC3, (3.29)

where c1, co,c3 are constants. Note that one finds that |ws|? = C% + C% + cg is fixed to
be a constant, defining a 3-sphere in AdSs. Fluctuations of the above configuration with
angular momenta in AdSs are given by

waz=c1+ fi(wiwg ' wawg ), way=ca+ folwiwg ' wowz '), waz=ca+ f3(wiwyg , wowz )
(3.30)
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where f; are regarded as functions given by Taylor series of the arguments. As far as one
considers small fluctuations from the spherical dual giants, |f;|?> < |c;|?, one finds that
|ws|? is approximately constant and (B.30)) is nothing but

(2,y,2) ~ cie™ + e fi(wre™ ™, dne™™) (3.31)

where ¢ is the time coordinate of the global AdSs defined by w3 = |w3|e~®, and the hatted
coordiantes satisfying |1 |% + |@2|? = 1 parametrize S3 worldvolume of a dual giant.

Ignoring any possible correction as these fluctuations becomes large, one finds the
following partition function for N’ dual giant gravitons with fluctuations: firstly, the 1-
particle (or a single dual giant) partition function is given by

e}

~ 1
Zl(,ui, 9[1) = —— —— —— (332)
1 (1= 07" 03°) (1 = p1207'05°) (1 = 39 03°)

J1,52=0
oo 3 oo i ) " oo N
_ 22531 j2=0 "1 4 923'1 G2=071"jy g szmzzo J2M51 g
= M 1 2 .
1
{ Jl 32} 0 =

The partition function of N’ or less identical dual giant gravitons is simply its multi-

particling:
Z(ppir0a) = Y PN Zno (i, 0a) (3.33)
N'=0
) -1
= H <1_pH< 71,42=0 11329291& =0 J1 311292J1]2 =0J2 J1Jz>>
{n;l’j2}=0
or )p
> Zl /‘I/Z Y i
Zni(pisba) = > H pk'kpk : (3.34)

{pr}, 2 kpp=N'k=1
The latter expression can be obtained by explicitly expanding the so-called Plethystic
exponential containing the parameter p: see, for instance, eq. (2.9) in [@] The expres-
sion (B.33) is what we used to evaluate the upper bound in the previous section (setting
e B =p; = 0a)-

Now we consider the simple subsector studied in section B.]. One can think of the
states in this sector as % BPS excitations of % BPS states which carry two angular mo-
menta Jq, Jo in AdSs5, in addition to the charge H3 conjugate to pu3 = pu. As mentioned in
section 3.1, the same partition function has been obtained by quantizing the % BPS giant

4 carrying nonzero angular momenta Ji, Jo [BI]. We now con-

gravitons with excitations
sider the subtleties involved in quantizing the % BPS ‘dual’ giant gravitons with excitations
carrying nonzero Ji, Js.

The probe dual giant graviton description is reliable only for large IV, or more precisely

for N’ < N where N’ is the number of dual giant gravitons. Following [B4], we explore the

4Giant gravitons with such excitations are in fact % BPS as discussed in section @
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dual giant graviton interpretation of BPS states for the cases in which this condition is not
obeyed, and consider the case with N/ ~ N or with small values of N = 1,2,3..., assuming
that supersymmetry will help. Indeed, going beyond these limits, a prescription is found
that the BPS states in U(V) gauge theory should come from N or less multiple dual giant
gravitons [B4, B1]. This is a prescription that we shall also assume in the sector we study.
With this assumption, N’ in the naive partition function of the previous paragraph is
identified as N for the U(NV) gauge theory. In the simplest case, N = 1, the naive partition
function of a single dual giant graviton (B.33), with nonzero angular momenta, is simply

o0

2l u,2) = J[ —r. (3.35)
Jrge=0 + — M1 02
which is exactly the same as that of a U(1) (non-interacting) Yang-Mills theory.

For N = 2, we denote the exact, gauge theory partition function as Z,(u,6,) and find
that Zs(u,0,) and Zs(u,6,) start to disagree. For simplicity, let us consider the states
with Jo = 0, or equivalently, states in the gauge theory with one kind of derivative only. A
series expansion shows that

e}

1
200 = | =Sy —em) 1530

=0

o
Zy— 2y =] - —1u9j (92/3 +03(u® + ) + 042 + 2ut + 18 + - ) . (3.37)
j=0
We have left the overall Z;(u,6) factor unexpanded, which is the contribution from the
decoupled overall U(1) mode. Therefore the series inside the parenthesis of (B.37) may be
regarded as a result in the SU(2) gauge theory. A curious point we would like to emphasize
is that, the coefficient of §7 in the series is a finite polynomial which does not receive
contributions from p? or higher order terms. Therefore, considering the partition function
of the SU(2) theory (which is also meaningful in the U(2) theory since the overall U(1)
degrees never interact with others), the upper bound d(Hs, J;) (coefficient of t73671) is
equal to the true degeneracy d(Hs, J1) if Hs > 2.J; is satisfied.

We would like to interpret the above (dis)agreement from the viewpoint of dual giant
gravitons. Firstly, each of the two BPS dual giant gravitons can be described by a com-
plex variable, say z introduced above, moving in a 2-dimensional harmonic potential [R]].
The BPS fluctuations on these dual giant gravitons with nonzero angular momentum J;
explained above can be regarded as a spherical harmonics expansion of z = Z;‘io zjYjo in
the basis Yjo ~ (w1)?. Inserting this expansion in the world-volume action, the harmonic
potential for the modes z; becomes

o
Z |Zj|2+J (J+2) |ZJ|

o
=) G+ D2z (3.38)
j=0 J=0

N =
l\’)l}—t

For two dual giant gravitons and their fluctuations, one has two towers of modes zjl- and z]2-.

. 21422
One can separate the dynamics of the modes ~5-2,

which gives the overall U(1) partition
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function factor Z;(u,#) in 22, and the modes of relative separation z; = zjl- — zjz». We
concentrate on the latter part. After naive quantization, the charges coming from the

relative motion degrees of freedom are,

, j+1
Hy=> N;, J1=)Y_jN, (Nj = ?|zj|2> . (3.39)
i i

From the above expressions, we now argue that H3 ~ Ji is the region in charge space where
the two world-volumes of the dual giant gravitons become likely to intersect due to the
fluctuations. To see this, we note that, with fixed angular momentum Ji, the fluctuation
of the relative separation (governed by z; with nonzero j) becomes biggest if we assign
more occupations to the modes with lowest nonzero value of j, namely j = 1. The case
with biggest fluctuation is thus obtained by assigning Ny = Ji, Ng = H3 — Ny = H3 — J;
and all other N;’s zero. The separation |zp| of two dual giants averaged over 53, and its
fluctuation |z1| are given by

20l = V2No = V2(Hs = 1), |21] = VN1 = /1 (3.40)

Demanding |z9| 2 |21] for the two worldvolumes not to intersect, one finds the condition

Hs 2 J; which is qualitatively similar to the condition Hs > 2.J; for the upper bound to be
exact. Therefore, we interpret that our naive quantization of multiple dual giant gravitons
becomes invalid as a dual giant graviton becomes close to, or intersects (in a singular way)
with another.

The SU(2) example above is rather special since there are two charges Hs and J; which
can be used to control both the average separation ry of two branes and the fluctuation
of its relative separation. For N > 3, it becomes impossible to control all the relative
separations with these two conserved charges only. Indeed, as we will see shortly, we could
not identify any region in the charge space where the upper bound becomes exact (except
for some exceptional and rather occasional values of charges). However, we would still like
to argue that our upper bound becomes approximately valid in certain regimes of charges
in which the dual giant gravitons are less likely to intersect.

For the cases with N > 3, we still consider the regime H3 > 1. In the exact partition
function Z(, ) and the upper bound partition function Z(u, ), the asymptotic growth of
degeneracy as a function of the charge Hs is captured by studying the degree of the pole
of the partition function as ;¢ — 1. Namely, the Taylor series expansion

1 1 d\e X . 1 0o (nta—1)!
(1 — p) - (a—1)! <@> E:ON ~ (a-1)! HEZ:O oy 7 (3.41)

n=

grows like ~ n®~ 1™ for terms with large n, while the other y-dependent functions without

poles, in our case, turn out to contribute to the coefficient with alternating signs. Therefore,
with poles of degree o in the partition function, the asymptotic growth of the degeneracy

with large charge H3 should grow like (H3)®~1.5

5The same conclusion can be obtained by the saddle point method, showing that the saddle point is at
Hjz ~ 2= when H3 > 1.

—n
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From a simple computation, one can show that

ZN(p,0) = uzﬁ H i ej (3.42)
1ea N(]\;—l)_(N+2)2(N—1)Zlfyej 4O
j=1
~ Zi(
Zn(p,0) = (17 H = w (3.43)
x [ 1+(1—p) N(]\il_l)Hilzj—(N—l)Zlfm +O0(1—p)?
j=1 i=1

where Z1(u,0) = [[52, 1_;/@ is again the contribution from the overall U(1) part which
we shall ignore in the arguments below. From these expansions we see that, for large
Hj (or equivalently near p ~ 17), the two degeneracies (or the partition functions) are
asymptotically the same. Both degeneracies grow as ~ (H3)V~2f(J), while their difference

grows more slowly as ~ (H3)N=3¢g(J) since

= Zy ( —
2y~ In = gy N2H 21—01 (3.44)
‘7:
1+1w1_0j +- (>0)
2 2111467 '

The J-dependent functions f(J) and g(J) are determined from the 6 dependent coefficients
in the above expansions.

We argue that the above scaling behaviors can be qualitatively reproduced from the
dynamics of multiple dual giant gravitons. Again we keep J; to be much smaller than
Hs > 1. The H3 dependent part of the degeneracy d(Hs, J;) will then be simply determined
by the dynamics of %—BPS dual giant gravitons, while the J-dependent factor can be
determined by investigating the fluctuations on the ——BPS dual giants. The phase space of
N %-BPS giant gravitons is an N-th symmetric product of C. Semiclassically, the number
of states with fixed charge 2Hs = |7|2 + |7|? + - -+ + |#v|? is obtained by computing the
volume of the region in the phase space with fixed Hz. Taking into account the SU(N)
condition, which keeps the contribution from the relative seperation 7; —7 only, the volume
is proportional to

N
d(Hg, /d27‘1 - d? N_10 <2H3 - Z |T‘Z| > ~ (Hg)N_2 . (3.45)

=1

On the other hand, the naive dual giant graviton counting should go significantly wrong
as the two dual giant gravitons become close, namely, |7; — 7> < €(J) for any pair i, j =
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1,...,N and certain ¢(.J) whose value is roughly given by the fluctuations of S®. The
volume of the region with close enough dual giant gravitons should go as
N
d(Hs, J,) — d(Hs, Jy) ~ /dzﬁ e d2FN_10 <2H3 = m-y?) 0 (e(Jy)+ (3.46)
i=1
17— 7512) ~ () ()N

where 6(z) is the step function §(z) = 1 for x > 0 and zero otherwise. Thus, the qualitative
feature of the error in the naive dual giant counting, described in the previous paragraph,
is the same as what we expect from the intersection of dual giants.

From the above examples — namely the exactness of U(1) result, exactness of SU(2)
result in certain regime, and also the semiclassical error estimate for N > 3 — it seems that
the overcounting one gets by naively quantizing dual giant gravitons has to do with ignoring
their intersections as fluctuations become large. Note also that, in the giant graviton
counting of [B]] which gave us the correct answer, a giant graviton never intersects with
another. It would be interesting to see if the dual giant graviton like counting is available
which should modify our naive upper bound partition function. For instance, it may be
possible that restricting the world-volume of multiple dual giants to intersect smoothly, in
a suitable sense, could give the correct answer Zy(u,6). Otherwise, it could turn out that
non-Abelian physics would be important as the dual giant gravitons intersect.

Before concluding this subsection, let us mention a few results for the SU(2) case. In
this case, even for the operators including all three scalasrs, our upper bound is saturated
for large enough internal charges Hy, Ho, H3. Namely, we find that max(Hy, Hy, H3) > 2.J3
is a sufficient condition for the upper bound CZ(HZ, J1) to be exact. This claim can be shown
analytically by induction: assuming that the claim is proved for operators in which no more
than k derivatives act on same eigenvalues, it is easy to check that the same claim can be
shown for operators in which no more than k41 derivativese act on same eigenvalues. The
claim for k = 1 is easily proved from the condition max(H, Hy, H3) > 2.J;: for instance if
H; is the largest, one can rewrite dzx, dy, 0z into d(x?), d(xy), O(xz), respectively, using
abundant x’s in the operator. By investigating the case in which an exact partition function
is available, we find that the condition max(H;, He, H3) > 2J; is indeed a sufficient but
may not be a necessary condition for the upper bound to be exact. For example, in the
SU(2) two-scalar case in which we have an exact partition function, one finds:

Zo (13, 0) — Za(113,0) = O(papsa) + 0% (i pa + pdusd + sl + 3 + 2mpa + p3)  (3.47)
+0° (13 p2 + pips + pips + pis + paps
et B o + Bud 3 + Bua g + pd + pd + Bpipe + )
0 (1 i + pSp3 + pips + i + pSpd + e + s +
8+ B + At s + Al + Apd s + 3papd + pd
2407 46405 o+ T3 i+ 6111 15 + 2415+ 2003 +Apia pro +2413)
+0(6°) .
For instance, terms like #3uu3 or 0*ufu3 which do not satisfy the bound max(Hy, Ha) >
2J; and are not forbidden by gauge-invariance, happen to be zero. It would be interesting
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to find a stronger bound which admits a better geometric interpretation in terms of dual
giant gravitons.

4. %—BPS classical configurations of A = 4 Yang-Mills

In the rest of this paper we switch gears rather abruptly. Instead of pursuing more so-
phisticated countings of () cohomology in larger subsectors, we attempt to find a physical
interpretation of the mathematically motivated generating functions, ¢™(z) that we in-
troduced in section ] and have used intensively since then. For this purpose we take a
step backwards; we turn off all fermions and study classical N' = 4 Yang Mills theory.
We will derive a set of Bogomolnyi type equations for the bosonic 1—16-BPS configurations
in N/ = 4 Yang-Mills theory. We will analyze these equations in perturbation theory,
propose a quantization of the bosonic %G—BPS configurations and find that we recover a
characterization equivalent to that of the 1/16 BPS cohomology found in section P.3. In
this section, we will derive the BPS equations in a convenient gauge. Similar analysis and
quantization have been studied in a simpler %— and %—BPS sector of M5 and M2 brane

CFT’s, respectively [B].

4.1 1—16—BPS equations of N’ = 4 Yang-Mills on S° x R

For convenience, we denote the 3 chiral scalars as ¢’, where i = 1,2,3 and we will not
use any lowered SU(3) indices. Rather, an SU(3) index on a conjugate field, ¢, will be
understood as anti-fundamental. We begin by considering the theory on S3 x R.

The bosonic part of the action of A = 4 Yang-Mills theory on S x R is

1 1. . 01 a1 1
5= [ aaon (—ZFWF“”—§DM¢2D“¢Z—§\¢Z\2+Z [#,¢] [¢'. 6] 5 [w,wf) :

(4.1)
and the energy density is
€ = tr| 3R + 5(Fia) + 5 ((Fo)? + (Fu?) (12)
b5 (1D 4 D30 ) + 5 (ID16P + (D26 + S0P (43)
-0 S+ 5l 5. (4.4

Here i = 1,2,3, and the a = 1,2 and 3 subscripts label a local orthonomal frame on S3,
where the dreibein may be chosen to be proportional to the left-invariant 1-forms

el = sinydf — cos 1) sin Odo
e? = cos 1hdf + sin 1) sin Od¢ (4.5)
e = dip + cos 0d¢ .
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We define ¢* = X' 4 iY? with X?,Y? hermitian® and by a suitable choice of the time
coordinate, we take the scalar mass to be 1.
It is shown in appendix that the energy density can be written as:

1 | 2 1 . .
el <F12+ .51) +§(Fao—Fa3) + 5| Dot~ Dot

‘(Dl +iDs)¢" ‘ F03 ‘ [¢°, ] ‘ (4.6)
<F“°F @t (Dodescb +DO¢ZD3¢Z>> %(cz?ipo& - ¢iDo<z‘>i>] .

The last line of equation (f.f) is a sum of the conserved charges of this theory:

1

J= |:Fa0Fa3 + = (Do¢' D3¢’ +D0¢2D3¢Z)] (4.7)

1
2
is a component of the SO(4) the angular momentum conjugate to v, and

Q; = %tr (gz_biDoqﬁi — qSiDogz_bi) (no sum over 1) (4.8)

are the three U(1)?> C SO(6) R-charges. For given values of these charges, the energy is
minimized when the complete-squared terms on the first and second lines of ([.f]) vanish.
The Bogomolnyi equations obtained in this way are

Fia+ 35 W ¢'1=0, Foa=Fsa, Fo3=0 (4.9)

and
[¢0°, '] =0, Dg¢' — D3¢’ +i¢" =0, (Dy+iDy)¢' =0. (4.10)

The energy of a configuration satisfying these equations is

3
E=2]+) Qi (4.11)

This is a classical version of equation (2.4) so that configurations satisfying the Bogomolnyi
equations above preserve the supersymmetry generated by a single supercharge and its
Hermitian conjugate.

Apart from the above set of BPS equations, we should also impose the Gauss law
constraint to ensure the configuration solves all the equations of motion. The Gauss law

constraint

DFFyo + 5 (W Do¢'] + [Q_SijDoﬁbi]) =0 (4.12)

5We note that the scalar potential of N' = 4 Yang-Mills can be decomposed into the F- and D- term
potentials as

e (XX 42X YY) = Tl o), 7]+ Ll 3

which we used in the expressions (@) and (E) for the Lagrangian and energy density.
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can be rewritten using some of the BPS equations as

DaFa3 + % ([D3¢27¢_SZ] - [¢17D3§52] ) + [¢27¢§Z] =0. (413)

Here the covariant derivative D, contains spin connection as well as the Yang-Mills con-
nection.

4.2 Reformulation: configurations in R*

The N = 4 Yang-Mills theory S x R can be mapped to the theory defined on R* by
a conformal tansformation which places time along the radial direction of R*. It will be
convenient to consider the BPS equations that we derived in the this framework. In this
subsection, after reviewing the map between classical configurations in two theories, we
rewrite the BPS equations for configurations in R%.

We first introduce 7 = it, where t is the S% x R time coordinate. This changes the
positive frequency modes e~ into e~7. Then we identify the radial direction, r, of R* with
7 through 7 = €7. The Lagrangian on S? x R should change to that on R* (iS = —Sg)
where the fields are related by

[0']s5 = 7[0"]ra s [Amlss = [Amlgs (m=1,2,3), [Ag]gs = i[Ar]gs = ir[Ar]pa . (4.14)

Note that we are not considering the analytically continued theory: Euclidean notations
are used since it simplifies the analysis, but we are still considering the real-time physics
of this theory by regarding 7 and A, as imaginary.
We introduce complex coordinates (Z', Z?) which are related to the spherical coordi-
nates, (r,0,,¢), of equation ([L.H) as
ot

ZY =rcos¢ 2

S

(4.15)

Z% =rsinC ez,
where ¢ = 6/2. The relation between derivatives in these two coordinate systems can be
found in appendix D] Written in the new coordinates which cover R%, the BPS equations
become:

_ i . .

Fi3=0, F1527 =0, Fyi + Fyy + 716,61 =0 (4.16)

D¢’ =0, [¢',¢7] = 0 (4.17)

where I = 1,2. We note the distinctive fact that complex conjugation on S x R becomes

complex conjugation plus radial inversion on R* because of the relation r = e” and of the

fact that 7 is imaginary. Therefore, when complex conjugating in R*, we should simul-

taneously perform a coordinate inversion x'# = f—g With this in mind, we define a new

conjugation operation as [f(Z1)]* = f*(Z;/r?). The gauge field transforms under inversion

like a derivative, 0, = ;lgaL - 217’,‘4:0—8,’,, so the reality constraint, A, = A
field in S® x R is modified to:

*

., of the gauge

1 2x,x"
Ay = Ay — = Ay,
" " (4.18)
1 * 2 P Ix P Ix '
F = FF’W ~ % (xuzn FpV + T,z Fup) ,
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where F}, = (‘%A’; — E?LAZ. Applying the BPS equations, we can write the complex con-
jugation of the scalar and field strength in R?* as:

5 = Sy (119)
Z (e 2K ' 78 (e;p28) . -
Fpy = (eiﬁ )<F12>*—i(6”{ Zz(e“ 16,4 (4.20)

The equation ([f.16) relate most of the components of the field strength so that the
only independent components of the field strength in a BPS configuration may be taken
to be Fio and Fj7. These components are further related by the reality constraint ({.20).

The details involved in obtaining the Gauss’ law constraint in R? are relegated to
appendix [C.9 and we list only the final constraint here. Defining curly derivatives as

1

D= (2°D, - Z2'Dy) , D=r?(Z°D; - Z'Dy) , (4.21)

the Gauss law constraint is:
A Ul i* Ul ar]
DF12+Z[¢,Z.D¢]—Z[¢,¢]_0. (4.22)

4.3 Axial gauge

In this section, we will make a convenient choice of gauge which solves some of the BPS
relations and reduces the number of constraints to be considered. The boundary conditions
appropriate for fields in the radial quantization will also play role in constraining the BPS
solutions.

We make the following choice of gauge:

Z'A;=0. (4.23)

With this choice of gauge, we find several simplifications. First, the condition F;;Z T =0
becomes

Z-0A; =0, (4.24)

which says that A; should be degree 0 in Z. We will restrict our interest to the con-
figurations A; admitting radial quantization, namely, those having poles only at 0 or co
corresponding to t = +o00. Then, for A7 to be of anti-holomorphic degree 0, A; must be
a power series in Z! and f—; Furthermore, one finds that the condition Fj3 = 0 becomes
linear in A; because our gauge condition Z A 7 = 0 implies that A7 and A5 are proportional
to each other as matrices so that [A7, A3] = 0. The resulting linear condition implies

01A5 —0;A1 =0 — Aj =0 (4.25)
for some matrix v and the gauge condition now becomes

Z-0v=0. (4.26)
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This means that v is degree 0 in Z, so that Ay is degree —1 in Z. Again allowing A; to
have poles only at 0 and oo, we find that Aj is %2 times a series expansion of Z! and %.7

Putting together the above observations and the gauge condition Z/A; = 0, the po-
tential Ay takes the form

_ _
€rjs Z
A[_ = 7,4 f* (ﬁa Z) ) (427)
where f* is an arbitrary function taking the form of series expansion of the arguments.
The most general form of A;, compatible with the degree constraint and also with ({£.27)
through complex conjugation, is given by

zZt Z Z
r T r

where ¢ is an arbitrary Hermitian matrix function with respect to the x operation.

To summarize, we have chosen a gauge, solved Fj jZ J =0, and expressed all compo-
nents of the gauge field in terms of a function f and a Hermitian function g. The remaining
equations to be solved are

and the Gauss’ Law
DFys + i [gzs Z. D¢i*] - i [gzs ¢i*] ~0. (4.30)

These two equations are nonlinear differential equations of the functions f, g and ¢, which
we expect to be difficult to solve in general. Nevertheless, a class of exact solutions to
these equations can be obtained by imposing additional symmetry requirements. These
solutions are described in appendix [E.

In the next section, we try to analyze the equations (f.29) and ([.30) approximately in
the weakly-coupled regime, in which the functions are expanded into power series of gynm.

. 1 . . . .
5. Classical --BPS configurations in weakly interacting theory

In this section we analyze the differential conditions for the supersymmetric configurations
perturbatively in the weakly-coupled theory. For the sake of convenience, we first con-
sider the sector with only gauge fields in section .1, and then generalize to configuration
involving nonzero scalars in section p.2.

5.1 Perturbative expansion in gy\; with scalars set to zero

We will now use our gauge choice and write out the BPS equations ([l.29) and Gauss
law ([£30) in terms of the 2 functions g(Z, Z /r?) and f(Z, Z /r?) which appear in the gauge

"This does not necessarily mean that the function v should also be a series expansion of Z! and ?—21
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potential in equations ([.27) and (f.2§). Then we will expand f and g in terms of the
coupling constant gyy. We define differential operators as

5= LIzl 5=r2izlg, (5.1)
T

55 = 12010 — (Z-8) — (2 -9)(Z - D), (5.2)

56 — 120,07 — (7-0) — (2-0)(Z - D) . (5.3)

For simplicity, we use this section to record the BPS equations and Gauss law for con-
figurations where the scalars are turned off and illustrate the perturbative expansion in
that context. Writing the BPS and Gauss law equations ([.29) and ([£.30) in terms of the
functions f, g gives:

0=g+[f, f1+i(0f —9f)
0=—20f —6(Z-0)f +1iddg + d[f,g] (5.4)

One can explicitly check, by using the first equation, that the second equation is purely
imaginary. We now treat the Yang-Mills coupling constant as small expansion parameter.
To restore gy in the above equations which are all omitted, it suffices to put one gy in
front of each commutator. The functions f and g are expanded as

f="fot+gwmfi+ (gym)*f2--, g=go0+gymgr + (gym)3g2- - (5.5)

The gauge transformation acts as

: 1
o UfU+ —USU, g— U U+ —UZ-9)U, (5.6)
aym aym

where the unitary matrix U can be written as
U = e 9ymu , U =1ug+ gymul + (gYM)2U2 cee (5.7)
The solution of the free theory is:

f=1fo(Z)+O(gym), g=0+0O(gym), (5.8)

where fo(Z) is an N x N matrix whose components are holomorphic functions of Z2. The
free BPS solution is therefore given by N2 holomorphic functions.
The differential equations at the next order O(gyy) are:

g1 = [f3, fol +i (61 —0f7) , (5.9)
FY) = —(247Z-0)f1 +ilf3.5f0) + 65f — 6511 . (5.10)

Taking the first equation in (5.9) to solve for gi, we write out the O(gym) part of the
second equation as a condition on f; and f:

660 f1 — 660 fT =i [6f5,6f0] + 20 [f5, fo] - (5.11)
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In the free theory, the right hand side of (p.11) vanishes because gyy = 0 and the zeroth
order solution fo(Z) (with go = 0) solves the BPS equations exactly. We shall explain
below that not all solutions of the free BPS equations can be perturbed to BPS solutions
of (p.11) at nonzero coupling. In fact, for general fo(Z), we will show that there can be
obstructions to the existence of solutions, f1, to (5.1)). For such obstructions to be absent,
fo(Z) will have to satisfy a set of constraints which we list below.

Arguments in appendix [F.]] show that the integrability constraint on the right hand

—1\C / 5o\ d
side of equation (F.11)) is that it may contain all terms, (Z1)%(Z2) (f—;) (f—;) except
those where a = b = 0 or ¢ = d = 0. That is 66h (where h = éf;) should not contain any

holomorphic (or their x conjugate) terms.
To process this constraint, we must collect all purely holomorphic terms which may

appear in:
[54%,0f0] +2[f. fo] - (5.12)
We do this by expanding the zeroth order solution fy(Z) as
fO(Z) = Z an1n2Yn1n2(21722), (513)
n1,n2=0

where the coefficients a,,,, are matrix-valued, and the functions

(n1 “+ ng + 1)'

Y, =4
e 271'2(711)!(712)!

(Z2')™(Z22)" = Cpny (21)™(27) (5.14)
are normalized on unit S (i.e., r = 1) as

/0’5 " /027r 0 /027r e v

The full holomorphic contribution to the right hand side of equation (p.11)) is calculated
in appendix [F.2:

= GminyOmms - (5.15)
r=1

k1k: *
Z Ynlng(Zla Z2) Z (ky+ko+2) % |:a’k1k27 an1+k1,n2+k2] , (516)
ni,n2=0 k1,ka=0 nit+k1,natks
— ) itk D! ; . .
where Cy, g, = /52 BIIE The BPS constraints at first order in gy are therefore given

by setting the coefficients of all independent terms in (f.16) to zero. Thus the holomorphic
constraints are parameterized by a pair of non-negative integers (ny,no):

[o.¢]
C Ck k *
Qui= > (ki+hka+2) S - [a,ﬂ,@, ks gty | = 0 - (5.17)
k1 k=0 1, 2

Since the expression (p.19) is explicitly self-adjoint under the * operation, the coefficients

= ni = no
of the purely antiholomorphic terms (f—;) (f—;) are simply the hermitian conjugates

(Qmm)T'
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We can interpret one of these constraints as the traditional Gauss law, which arises
from the fact that the operator §6 is a Laplacian:

66 = 120107 = %arr?’ar + Vgs, (5.18)

and integration of the left hand side of (5.17]) over a 3-sphere, with fixed r, vanishes. The S 3
part of the Laplacian obviously vanishes on integration because it is a total derivative. For
the remaining radial derivative part, we recall that all functions appearing in our equations
are degree 0 in Z, which according to equation (F.4) means that

27 -0 =10, —i0y . (5.19)

Since the radial derivative part of 66 acts on a degree 0 function, we may make the replace-

ment O, e %8,1,, which makes it clear that the radial part of the Laplacian is also a total
derivative. We then arrive at the Gauss Law consistency condition:

[ (855550 +2155. 401 ) =0, (5.20)
which we recognize as:
Qoo = Coo Z (k1+ko+2) [azlkz, aklkz} . (5.21)
k1,ka=0

To summarize, expanding fy in spherical harmonics fy = Z;’?,nzzo gy Yyng (24, Z%),
fo can be perturbed to a nearby BPS solution of a weakly interacting theory only if it solves
the equations @y, n, = 0 for all nonnegative n1,n2. We may consider this set of constraints
to be a generalization of the Gauss law.

5.2 Perturbative expansion including scalars

Now we generalize the perturbative expansion of section f.1] to include the scalar fields. The
supersymmetric configurations of the free theory are parameterized by four unconstrained
holomorphic functions: fj for the gauge field, and ¢}, for three chiral scalars. Recall that

the zeroth order value of the function g in the gauge potential, ({.2§), is zero.
We now turn to the O(gym) analysis. We write the following set of unsolved BPS

equations
Fi1+ Fy + % (¢, ¢'] =0 (5.22)
DR+ 7 6.2 D¢ | - 2 [#,6"| = 0 (5.23)
Dr¢' =0,  [¢',¢/] =0 (5.24)

in terms of the functions f, g, ¢’ as in section p.1] and expand them in gyy. The BPS and
Gauss equations at order O(gyn) give equations for g1, f1 and (JSZi with source terms given
by fo, ¢}. The equations are

g1 = i(5F1— 651) — [for £ + [ '] (5.25)
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688 f1 — 300ft = i ([8f. 550 + 2165 fol ) (5.26)
<L (10". 6] + [Bah* . 50h) + (55 + 50)[h. o4 "] )

1
01 = +ilf5, &0l (5.27)
0 = [¢h, 0] - (5.28)

In equations (5.2§) and (f.24), there is an implicit sum over i on the right hand sides. The
first equation specifies gy explicitly in terms of other fields, while the latter three equations
require integrability conditions which generalize the constraints of section f.1.

We will now obtain explicit expressions for the constraints. One class of constraints
arises from equation (5.26) and generalizes the constraints we found in section p.1. We
will label these constraints as L,,, and the computation leading to their explicit expression
may be found in appendix [F.3. We now expand fj as in equation (p.I13) and the scalars as
¢ =50 t o Yning- The result is that the holomorphic part of the right hand side

ni,m2=0 "ning

of equation (.20 is:

o0 o
S YV S ((k:1+k2+2) [azlkwam%,nm] (5.29)
n1,m2=0 k1,k2=0

1 - .
+Z (n1+ng+k1+ka+1) [ kxka s bfqﬁkl,nﬁkzD

where the coefficient ¢!}’ is defined following the notation of section b.1] as:

Cmmz Ck1 ko

chne = b2 o2 5 30)
Chiks = . (5.
1 Cm-i-kl,nz-i-kz

The constraint arising from equation (f.27) is that the anti-holomorphic part of [f§, ]
should be zero:

Z "1"2 Z 6211222 [GZH-JH,MHQ’ b}ﬁkz] =0. (5-31)
ni,n2=0 k1,ko=
The constraints corresponding to the vanishing of holomorphic parts are therefore

o0
__ 7t — 112 * 7
0= Jn1n2 - Z Chy ks [am-Hﬁ,nz-ch’ bklkz]
k17k2_

0 — n1n2 = Z 62/11]?2 < k1+k2+2) |:azllC27 an1+k1,n2+k2:| (532)
k1 ko=

1 ¢ i
+Z (n1+no+k1+ko+1) [ ;{:1]62’ ;14461,712-1462})

Ly n, = 0 arise from setting the purely holomorphic part of the source in (5.2G) to zero,
while J? =0 arise from setting the purely anti-holomorphic part of the source in (5.27)

ning
9

to zero. Finally, equation (p.2§) is itself a constraint which we will call

M = [gbg,gbg] —0. (5.33)
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The BPS solutions of the free theory should satisfy Ly,n, = J& . =0 and M¥ =0 to be

nin2

lifted to a nearby BPS solutions of the weakly interacting theory.

6. Quantization of classically liﬁ BPS solutions

We will now consider the quantization of these classical solutions. The quantization of
classically BPS solutions has been considered before, often in the context of gravitational
solutions [B—Bg, or probe branes 29, R0, 1], and more recently in the context of conformal
field theory [BH. The space of all classical solutions to particular equations of motion
may be identified with the classical phase space of the system. Such an identification is
possible because each classical solution is determined by initial data which correspond to a
specification of “position” coordinates and canonically conjugate momentum coordinates at
the initial time. This provides a map between classical solutions of the equations of motion
and points in phase space. We obtained constraints on the free BPS solutions which, when
satisfied, allow the free solutions to be lifted to solutions at infinitesimal coupling so that a
point in the phase space of the N’ =4 SYM 1/16 BPS sector is identified by specifying the
holomorphic functions fo(Z1, Z2), ¢}y(Z1, Z2) in such a way that the constraints, Ly n, =
J'=0and MY =0, are all satisfied.

ning
6.1 Quantization prescription

Since the phase space above is described with the use of constraints, it will be most conve-
nient to perform a constrained quantization, using the symplectic form of free field theory
and attempting to include the constraints appropriately. Thus, we first consider the sym-
plectic form of free N' = 4 Yang-Mills theory, evaluated on the space of 1/16 BPS solutions
spanned by unconstrained fo(Z) and ¢(Z).
The contribution of the U(N) gauge field to the symplectic form of the free theory is
given by N2 copies of a U(1) gauge field. A U(1) gauge field contributes a symplectic form
w= [ dFYNdA] =i [ d(x-0A")NdA,, (6.1)
S3 S3
where A% is defined in (f.14).
For the free field theory BPS solution
__7J
Ar=e 2 fo, Ar= %f(?, (6.2)

one obtains
z-0Ar = (Z-0)Ar = €527 (Z-0+1) fo

__7J
_ EIJZ

-0A; = (29— 1A =11

(Z-0—3)f . (6.3)

We plug this into the symplectic form (B.1]) and find that the symplectic form evaluated
on the 1/16 BPS solutions is

w = 22'/ d(z-0Ar) NdAr+d(z - 0A5) NdAT (6.4)
S3

_ 22’/33 ddfo A dfs +d(Z - Dfo) A dfE — dfo A d(Z - OF2) .
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Expanding fo = Y, ., @niny Ynin, as in section B.1, one obtains

w=2i Z dan ny Nday, . <4 + 2(n1+n2) > . (6.5)

ninz

This means that

Ay =2VN14+1242 apyny (6.6)

are normalized creation operators. When quantized, they will satisfy
[Am1m2ab’ (Ammcd)” = 5m1,n15m2,n2535g :

The contribution of a scalar field to the symplectic form is

w = /S d(Dobs) A dbs + d(Dbs) N bs” (6.7)

:i/ 26 A d* +d(Z - 06) N dd* — dp A d(Z - )
53

where ¢g is a scalar on S x R and ¢ is a scalar field after a conformal transformation to
R?, i.e. s and ¢ are related as in equation (.14). Expanding ¢ = Y, . bpynyYnyn, as in
previous sections, one obtains

20 Y dbpyny Adb} (01 +12+1) (6.8)

n1,n2=0

This implies that

By ny = V2(n1 + 124 1) bpyn, (6.9)

are normalized creation operators with standard commutation relations.

The symplectic form of free N' = 4 SYM in the bosonic sector is simply the sum
of the contributions from the N2 U(1) gauge fields and the 3 scalars. We will now con-
Bpinys B, to

sider the constraints of section .9, promoting the coefficients A,,,,,, A% s

ning’
creation/destruction operators.

First we will define more convenient creation and annihilation operators as:®

5 1 x
Arky = V1 + k2 +2 Oy, Ay aLkz - Crika VE1L + ko + 2Ak1k2
1R2

Ck1k2 1 Vki+ke+1 _,
Briky = ———=DB 1, Bk, = A Biyk
ki+ko+1 172 12

Chiks
These operators are convenient because they have standard commutation relations and

(6.10)

they appear to be more natural variables for expressing the constraints. We will use a
shorthand for the subscripts as X, x, ~ Xx to make equations more transparent. In terms

8 Abusing the notation, we write azlkz and ﬂllkz even if they are not Hermitian conjugates of ax,x, and
Bk, Tespectively.
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of the new variables, the constraints in the classical theory become operators:

L= 23 [neal] + [ ] 611
k=0
Iy = i [an+k75]ij] (6.12)
k=0
Myilj _ n (kﬁ-kzc« ni+ne—ki1— sz 1 — kl) [ﬁi’ﬁi_k] (6.13)
k=0

up to overall multiplicative constants, which we drop. To resolve the normal-ordering am-
biguity that occurs for Ly, we define L( to be the normal-ordered one, having annihilation
operators on the right side of the creation operators. *17*2 C, is the binomial coefficient
k1 + ko choose ky and we have suppressed the U(N) matrix indices.

Now we must consider how to impose the constraints correctly. Classically, Ly, Ll L JE
Jf:r, M;,] , Mq] T are all constrained to be zero. We will not perform a systematic quantization
of these first class constraints, rather, we adopt an approach similar to the Old Covariant
Quantization (OCQ). Since we will find that our prescription results in the same cohomol-
ogy as described in section R.3, we presume that a rigorous quantization will lead to the
same result.

As in OCQ, we will first quantize the 1/16 BPS sector without considering the dy-
namical constraints, (B.11)—(f.1J), and then impose the constraints as operator relations
in Hilbert space. Explicitly, we define a vacuum |0) that satisfies ay|0) = B5|0) = 0 for
all k£ and let the 0427 ﬂg operate on |0) to produce an unconstrained Hilbert space. This
unconstrained Hilbert space corresponds simply to the 1/16 BPS sector of the free N' = 4
SYM theory.

Now we impose the constraints in this Hilbert space. Following OCQ terminology, we
will call any state which remains BPS at infinitesimal coupling “physical” and require such
a state, [1), to satisfy:

Li|y) = Jp|) = M7|p) = 0. (6.14)

This ensures that the matrix elements of all the constraints are zero between any two
physical states. For example, if |1}, |x) are physical states, then we have:

(WILE ) = (Livlx) =0 . (6.15)

One might wonder whether we should require L,, or L} to annihilate physical states,
since either condition would be sufficient to set all matrix elements of all constraints to
zero. Although being a bit ad hoc, it is clear that we should require L, and not Ll
to annihilate physical states. This is because we want states made of symmetrized gauge
invariant scalar zero modes (ﬂéo)T, which belong to the % BPS Hilbert space, to be physical.
If we set L,|¥) = 0, where |¥) is such a = BPS state, then the only term of L,, which
acts nontrivially on |W) is S2_ [(8i)1, Bi] in Loo, which simply requires U(N) gauge
invariance. If we set L},|¥) = 0, however, terms of the form [Bi0> (BE,ny) ] I (Lyyyng)T act

nontrivially and these BPS states would not be physical.
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As a simple illustration and test of the above prescription, we will try to identify a
single trace physical state made of a single scalar only. We start from

12,2) = tr (b}b} + 2bgb§) 10), (6.16)

where bL = 520T is a creation operator for the scalar ¢3, associated with (Z!)". This state
maps by the state operator map to? (following the conventions used in section B):

(0,12t(8%)? = 2t (D1 46%) + 6°D2 1 6%) . (6.17)

which according to section R.J is an allowed 1/16 BPS state at infinitesimal coupling.

We will now check that |2,2) is annihilated by L,. It is clear that only the L,g
constraints need to be checked. L;,|2,2) = 0 for n > 3 because the state does not involve
a creation b}, with n > 3 and Lyo|2,2) = 0 is automatic because the trace guarantees
gauge-invariance. Finally, from [(b,,)%, (bn)¢;] = 6mnd3d5, we find

(L20)%|2,2) = 2 ( (bé)“c (b2)%, — (bé)cb (b2)ac> tr (bgbg) 10) = 2 [bg, bg} ab 0) =0, (6.18)
and
(L10)%2, 2>=[b§), bl} abtr (b}b}) 10)+2 [b{, bg] abtr(bgb;) 10) :2([53, bﬂ + [b}, bSD 0)=0 (6.19)

So that |2,2) is a physical state if we require that physical states be annihilated by L, as
discussed above.

When considering the J?, constraint, one may again wonder whether we should require
Ji or (Ji)T to annihilate physical states. We again use the % BPS primaries as a guide.
The J}

1y, OPerators automatically annihilate the above % BPS primaries because of the

but the
(J,"MM)Jr operators do not annihilate these states. Therefore we must require that physical

states satisfy J¢[¢) = 0.
It is clear that we must impose M7 1)) = 0 because (M;4)' contains only creation oper-

gauge field annihilation operators oy, i, notk, appearing in every term of J}Lm,

ators and therefore cannot annihilate the % BPS primaries. On the other hand, M does an-
nihilate these states because it annihilates states which are symmetrized on the SU(3) index.

Finally, our quantization prescription is that we impose constraints on the free 1/16
BPS Hilbert space: States that remain 1/16 BPS at infinitesimal coupling, (physical states),
should be annihilated by L, J¢, M7

6.2 Relation between classically derived constraints and the analysis of section
2.3

We will now map the results of the classical analysis to equation (R.9). We collect the
oscillators o, , » ﬂ,il k,» Which resulted from the quantization of the classical solutions (6.10),

9Note that under the state operator map, the operator DLFQBB maps to the state nl33,
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into fields similar to those defined above, which will allow us to consider the BPS constraints
obtained in the classical analysis in more detail:'?

is (k14 ko +1)! ki sk i
B'(z) = Z Wﬁklkg 1%, BT Zﬂkmzl 22

klkz k1k2
(6.20)
N (k1 + k2 +1)! P by bk ke
a(z) = Z BT R Qkiky 21" 22" 5 al(z) = Z%m% 22"
Fe1 ko 122 Je1 ko

We have defined these fields such that holomorphic fields are creation operators and anti-
holomorphic fields are destruction operators. With these definitions, we can write the
constraints obtained in the classical analysis of section ff as:

I, =5 [, Tr Wie) [a(2) ol )] +Wae) [52).67 ()

T, =35 [, Tr Wit [al2).57(2) (6.21)

M = [ T ) [P0 TP )

where the integrals are over the unit sphere. The constraints are parameterized by the

matrices Wr,(2), W(z), War(z). We recover the constraints as listed previously by:

Lp=1Lw, Ji=J. MJ=M9.

(6.22)

The notation here means that to recover Ly, ,, for example, we let Wy = 21" 252, The
commutation relations of the local fields are for the scalars, for example:

BG). A w) =1 +7 8 =1 (6.23)

1—z1w1 — Zowy (1 — Zjw;)?

The right hand side of this commutation relation acts like a delta function for integration
of holomorphic functions on S3. That is:

/ _fe = Q3f (w) (6.24)

93 (1 — ziwi)2

This is a type of cauchy integral formula in 2 complex dimensions.
Now we list the action of the constraints on the fields of(2), 87 (2).

[Lw,, (87 (2))P7] = (67 (2), W (=)}
[Lw,, (! (2))"1] = [af (2), Wi (2)P? (6.25)

v, (af (2))P7] = [67 (2), Wy (2)]7

the lower 7 index here is the SU(3) index of the scalar and p, ¢ are gauge indices.

19Recall that we are abusing notation: a, s, aLkz are creation and destruction operators with standard

commutation relations, but alez is not really the hermitian conjugate of ok,
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Further we have:

54 gmagne

1 — zowe

[le'@(ﬂi(z))mnv (5jT(w))Pq

Defining ®(z) = 1+126ﬁ(2), this gives:

[[07(2), Wyt ()75 — [#1(2), Was ()19 } ———

6.26
1—Z w ( )

[, (8] = [
S3
The right hand side still contains annihilation operators ®(z) so M naturally acts on pairs

of creation fields 3*'(2)3'(z) and we obtain:
(M3 (B )P )] = (579 — 565 (Wit()s” — Wiiw)e™) . (6.27)

We have assumed here that the operator (8*T(w))P4(8(w))® is acting on the vacuum,
that is it stands for (8% (w))P4(B!T(w))**|0). We therefore dropped all terms containing
destruction operators. The factor (6% 57! —§i§7%) in equation (f.27) indicates that the M%M
constraint requires 1/16 BPS operators at infinitesimal coupling to be symmetrized on the
SU(3) index. In fact, similar factors which are antisymmetric in the SU(3) indices, appear
when M%M acts on arbitrary single-trace states so that M%M requires symmetrization of
SU(3) indices inside traces quite generally.

With these considerations in hand, we now consider the quantization prescription ob-
tained from the classical analysis of section [§ in cohomological terms. The Ly, constraint
acts on the fields af(z), 377(2) as a gauge transformation and requires all 1/16 BPS opera-
tors at infinitesimal coupling to be traces of the fields af(z), 3f(2), where all fields inside
a given trace are at the same position. Therefore it is clear that Ly, implements the same
gauge invariance constraint discussed in section P.3, with the parameter, Wy, of the gauge
transformation mapping to a derivative of the gaugino, W (z) ~ 2%(1 + z - 3) "' Aa(2),
in the cohomology picture. The Jy, constraint arises in equation (R.9) from the action
of QL on f(z) which produces [t,+(2),¢"(2)]. The parameter W; maps to the chiralino
Wj(2) ~ ¥pn+(z) in the cohomology language. Finally, the Mé{}M constraints correspond to
the action of the superconformal generator S; on commutators of scalars. In section
we worked in terms of cohomology and this superconformal constraint from S, was inter-
preted as the exactness condition that arises because [¢"(z), ¢P(z)] appears on the right
hand side of (R.9).

Now it is clear that the analysis of the classical configurations and their quantization
agree with the rules obtained in section P.J.

7. Concluding remarks

In this paper we studied the 1—16—BPS states of the weakly-coupled N/ = 4 Yang-Mills theory.
We formulated the problem in terms of local fields which generate covariant derivatives
acting on fields. In particular, we thoroughly investigated the %—BPS cohomology made
of bosonic letters. We obtained the exact partition function in special limits, and also
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an upper bound partition function which turns out to be useful. We also gave a physical
interpretation of the local fields by studying a set of classical BPS equations for %G—BPS
configurations in the bosonic sector, and suitably quantizing them.

The classical cohomology we consider is in 1-to-1 correspondence with the zero eigen-
states of the 1-loop Hamiltonian acting on the Hilbert space of 1—16—BPS states in the free
Yang-Mills theory. In this sense, our analysis generalizes and strengthens the result of 7]
to the finite IV case in certain subsectors or energy regime.

Using our exact partition function for scalars derived in special limits, we have also
shown that a dual description in the strong coupling regime, in terms of giant gravitons,
sometimes predicts exactly the same result as ours. We also pointed out that our exact
result shows qualitatively similar behaviors to the result obtained from a naive quantization
of dual giant gravitons. The error of the latter result is argued to be due to the intersection
of multiple dual giant gravitons. As we commented in section B.4, it is interesting to see if
one can correctly quantize them and obtain the exact partition function.

We used our upper bound partition function to conclusively argue that the asymptotic
degeneracy with large charges is not big enough to form a supersymmetric black hole.

The most important problem which follows our analysis, combined with the conjec-
ture that weakly coupled Yang-Mills theory captures the exact supersymmetric spectrum,
should be to find the large number of 1—16—BPS states in the high energy regime, with their
entropy scaling like N2 if E ~ N2, and furthermore to identify it with the entropy of the
known supersymmetric black holes [[1]. Since our analysis in the bosonic sector was quite
comprehensive, perhaps fermionic letters should play important roles. See [[§] for some
attempts in this direction.

A more modest question along the similar direction would be to understand the finite
N cohomology that we investigated in this paper, or any generalization thereof, in the
strongly-coupled regime in terms of giant gravitons. Even if the giant graviton provides
an effective description of BPS states in the energy regime around E ~ N, it hopefully
could also give us some new insights or clue towards understanding the even higher energy
regime. For the latter purpose, one probably would have to go beyond the solutions of [BJ]
by exciting other degrees of freedom (see also).
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A. Action of supercharges on the letters of N' = 4 super Yang-Mills

The SU(4) vector Q! with i = 1,...,4 has been divided into a special supercharge Q,, and
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an SU(3) vector Q' with m = 1,...,3. In terms of the SU(4) notation, @, is the 4th
component and Q7' correspond to the 1,2,3 components of the SU(4) vector. The indices

m,n,p below run from 1,...,3 and the indices «, 3,7, run over 1,2. The transformation
rule of A = 4 Yang-Mills theory, say in the appendix of 20, is decomposed as

[Qu', @] = —€™"Ptpq

[Qa, gbn] =

[ o ¢p] =

[Qaa ¢p] - wpa

{Qa" Ast = eape™ ™ [0n, oy
{Qa, Mg} = 2ifap + €aplor, 6"
{QR ¥ns} = 207 fap — 2€ap[0™, bn] + €apdyy (8", o]
{Qa, Yng} = —€apenmpld™, "]
{Qa" Agt =2iD, z0™
{Qas A3} =0 (A.1)
{Qa, U5} = —2i™" D, 36,
{Qa, ¥} = —2iD 50"
QR Aps] = —€aply’
[Qa, Aps] = —€aphy
Q' f3] = Ea{yDé}@f{"
Qo f5y] = Ea{yDg}j\g = —%an [0 ] — %Eaﬁ[émﬂ/}mw]
Q' F33) = —Dag¥iy
[Qa, fgﬁ,] a{ﬁ)\“/}

In the equation for [Q., f34], we have used the fermionic equation of motion:

DA = i3, el

- (A.2)
DX = ifgm, 03]

The action of the supersymmetries Qfx with ¢ = 1,...,4 are given by taking the simple
complex conjugate of the above relations. With these definitions, the algebra satisfies
{Qi, QJB}X = 215§Daﬁ-X up to a gauge transformation.

B. Checks of the SU(2) partition function

We will now check the N = 2 partition function of section B.9 explicitly. It suffices to check
the SU(2) gauge group instead of U(2), since the contribution from the overcall U(1) is
always factored out as Z;(u;,0,) as is also true in (B.2). Here we only record the check
for the operators that contain a single instance of a single derivative. We also checked
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the operators involving two derivatives of the same kind (i.e. checks at the next order in
angular momentum charge) from an analysis similar to this section (more involved), and
also find agreement with the partition function of section B.9. The SU(2) partition function
that we would like to check is

[e.e]

2\H1, H2,0) = P (1— M%gk)(l _ M%gk)(l — piped®)

(B.1)

~

The first two factors in the denominator of the U(2) partition function (B.16) are omitted,
since, in SU(2), we do not have the generators 9*tr(X) and 9*tr(Y). The relation or

syzygy B.1 reduces to
2
r (X2) tr (v2) = (tr(x7) ), (B.2)
and the numerator of the partition function remains unchanged. The Taylor expansion of

the above partition function in terms of 8 is

L+ papo
(1—pd)(1—p3

+6° i‘+u§‘+u?u§+u§’uz+um§’—ui‘u§—u%u%—ui’ug’w%w%wwz)+0(93)}-

Zy = ) {1 +0 (17 + 13 + ppe — piu3) (B.3)

To test the above partition function by an independent computation, we first take the
scalars X and Y to be diagonal matrices

X:<x0>,Y:<y0>. (B.4)
0 —=z 0 —y

The relation is obviously satisfied. The gauge invariants are

tr(X?) ~ 2?2, tr(Y?) ~ 92, tr(XY) ~ay . (B.5)
A gauge-invariant operator made of these three units must have the total number of x and
y to be even, that is, either

x2m+2y2"+2 or $2m+1y2n+1 (m’ n=0,1,2--- ) . (B.6)

Furthermore, for an operator with derivatives to be gauge-invariant, the derivatives 0
should effectively act on these units only.

Let us check the sector with a single occurence of the derivative, that is, the coefficient
of 0 in Zy(uq, p2,0). The following set of operators

(8$)x2m+1y2n , (8$)x2m+2y2n+1

(8y)x2my2n+1 , (8y)x2m+1y2n+2 (m’ n— 0’ 1.9... )

can be understood as containing the letter d(x?) or d(y?), and containing even number of
x’s and y’s. The only other possible cases are those containing d(zy), and which cannot
be written as one of the above four operators. They are

o(xy)z®™, O(xy)y*™ (m,n=0,1,2---; (0,0) overcounted) (B.7)

— 40 —



since (0x)y**1 and (9y)r?™T! terms in the above cannot be rewritten to contain 9(z?)
or d(y?) factors. The partition function for the above operators, apart from the common
0 factor, is
R B+ s + LMk e
o (1—p)(1 - ) g 13 M
_ (U pap) (i + p3 + g — pipsd) B.5)
(1= p) (1 — p3) ' '

This agrees with the coefficient of 8 in the proposed partition function.

Z2 (/le H2, 9)

There is another way to derive (B.]) based on the Koszul complex (see for exam-
ple [{q]). One introduces a local anticommuting operator C' and a differential A such that
2
AC = tr (X?) 1 () = (tr(xY) ),

Atr(X?) =0, Atr(Y?)=0, Atr(XY)=0. (B.9)

The operators tr (X 2) ,tr (Y2) and tr (XY') are considered unrelated and the cohomology
of the Koszul differential H(A) reproduces the space of constrained operators. The par-
tition function Z5 is now easily computed by taken into account the three free operators
tr (X 2) Jtr (Yz) ,tr (XY), which are bosonic, and the fermionic operator C. The latter
scales as p3u3 if we scale X and Y with p1 and ps. So, combining these data, one obtains
the formula (B.1)): the three bosonic fields and their derivatives yield the contributions

(1 — p20%)(1 — p20%)(1 — p1pe0%) in the denominator of Zo, while the anticommuting C
leads to the contribution (1 — x236%) in the numerator.

C. Appendix to section 4

C.1 Derivation of equation (4.6)
In this appendix, we derive equation ([.§). The energy density ([.9) can be rearranged as:

2
£ :% <F12 + 81%[¢i7 Q_SZ]> — sitr <F12[¢i7 ¢32]>

1 2
+ = (FaO - 32Fa3) + soFy0Fu3

2
1 ) ) ]2 1 iy, 7i T i

+ 5| Dod — 525" + s ‘ + 555 (Do¢' Dad’ + Do’ Do) -

P . i . '

— 535 (¢'Dod* — ¢'Dog") + 52535 (¢' D3¢’ — ¢' D3g")
1 . i|? i Ti iy, Ti

+ 5 | (D1 + s1iD2)¢! | + st (D16' Do’ — Do’ D1 )
1 1 2
3R’ + 7| 16.)

where s1 93 are & signs and the trace on the gauge indices is understood.
We now note that
/3 tr D1¢"Da¢" — tr Da¢' D1¢" = /tr ¢'[D1, D2]¢" — eapOatr (¢'Dpg’) . (C.2)
S.
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The second term is

/ caBLOtr (EY ' Dyo') = / (dete) (eabEg(a“Eg)tr(&qusi) + ey BFE} O, tr (Q‘siqusi))
S3

- / (det €)[r, 0o) tx(# Dyd') + HPe3,tx (3D, 6°) |
(C.3)

where [, ]V denotes the Lie commutator of directional derivatives and E} are components of
the basis vectors of our local orthonormal frame on the S. That is Ey are the components
of the dual vectors to the left-invariant one forms listed in equation (@) Note that, up
to a total derivative, the derivative acting on tr ¢*D, ¢’ in the last term can effectively be
regarded as acting on

wg D¢ L L (0§ D,¢ — e D) (C.4)
Combining these with the first term of equation ([C.d), which is
[ @D Dol = [ —ite(@ Fia, &) + (01, 0" 1 D0 (€5)
one obtains
/S (D19 D~ D2’ D16 ) = (C.6)

= / —i(det e)tr (gz_bi[F12,¢i]> - %wweia“tr (¢'Dy¢’ — Dy¢'e") .

Note that the directional derivative J3 = % generates an isometry. If p = ¢, the second
term is a total derivative which can be ignored since ef’p = 1. If p =1, it again becomes a
total derivative because eg’ = 0 and eg’) is independent of ¥. Therefore, the only term which
gives nontrivial contribution is the term where v = 1. So one can rearrange the second
term of equation ([C.6) as

+/ %e”pweiau (”'),,:_/ %e“pw(deg)up ( . >V:+% /(det e)tr@iDV(zﬁi - D,,(fﬁi(bi).
(C.7)

Therefore, we finally obtain
i /S 0 D19/ Dadi—tr Do’ D16/ = / (det e)tr <F12[¢",¢"]+% (&"D,,w - D,,¢i¢i)> . (C8)

Inserting this result into the 5th line of the complete-squared energy functional (C.IJ),
one finds that the first term is canceled against the same term in the first line of (C.1]).
Furthermore, if s1 = +s9s3, the second term is canceled with a cross term in the 4th line
of (C.1). The result is

2
€=t [% <F12+31%[¢",¢3Z’]> + 5 (Fao—92Fus) + 5| Dot — 52056 + sic|
1 TR I T
3| (D1 + D¢ + 5 (Foe)? + 7 | 6.0 (C9)

52 (FGOFG?) + % (Do¢’ D' + D0¢_5iD3¢i)> + 53% (¢"Doo" — qSiDoq_Si)] )
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The signs (s1, s2, s3) are freely chosen as either (+,+,+), (+,—, —), (—,+,—) or (—, —, +).
Setting (s1, s2,53) = (+,+,+) leads to equation ({.4). Other cases can be studied in a
similar way.

C.2 Derivation of gauss constraint in R*

We start from the equation of motion

Lo T i T
D" F+ 5 (16", Do) = [Dus', 6] ) = 0. (C.10)
Inserting v = I and v = I, one obtains
DjFs; +ejDjFiy = —i <[¢i7DI€5i] - [D1¢i,<23i]> (C.11)

DjFy; = —[¢", Di¢'] . (C.12)

)

4
Contracting r2Z! with the first equation, imposing a BPS equation and using the complex
conjugation rule for field strengths, one obtains

A N A e N P At i gi*
DFiy = D(Fo)* = —= (|¢/.2 - D¢"| = [2- Dg', 6™ | —2|¢".67| ) (C13)
where the curly derivatives denote
Eriz(zml_ZlDQ), D=2 (2D; — 7'Dy) . (C.14)
This can be rewritten as
. . . . *
A [PY x| VT ax A [Py i) U X\
(DF12+Z[¢,Z-D¢ ]—Z[qﬁ,qﬁ ]>—<DF12+Z[¢,Z-D¢ }_Z{‘b"ﬁ D —0. (C.15)

The second part of the Gauss constraint, ([C.19), can be shown to be automatically satisfied
by using the expression for F;; in terms of conjugate components, (f.20), and the BPS
equations F;7Z7 = 0 and D;¢' = 0. Therefore, all the equations of motion are satisfied by
solutions to the BPS equations except for the constraint ([C.1§) which comes from the Gauss
law. This constraint requires that the imaginary part of DFjo + %[gbi, Z - D¢ — %[qﬁi, "]
is zero. One can actually show that this last quantity is imaginary, so that the constraint
from the Gauss law can simply be written as

A o A Tt
DF12+Z[¢,Z-D¢]—Z[¢,¢]_O. (C.16)
D. Relation between spherical coordinates and complex coordinates

The spherical coordinates, (r,6,1,¢), on S% x R used in section [i.1] are related to the
complex coordinates of sections [1.9), ({.3, f and f by:

bt
ZY =rcos¢ 2

oy (D.1)
Z% = rsin¢ i3 ,
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where ¢ = 6/2. This induces the following transformation of derivatives:

0. = Z1or + 7'07
93 =20y =1i(2'0r — Z'0y)

2

Z
615269:— ﬁ

1
(20, + 2'9y) + % (220, + 2°0,) (D.2)

1

Z2

2

O = 29 (0p—cos 00y) = —i Z

sin 71

(2'0y — 2'0y) + i

(2232 — 22(92) ,

where 9y, 02,05 are derivatives in the orthonormal frame (fE5) on S3. We also have

Z-0= %r@r + 0y, (D.3)

which we use in section p.J.

E. A class of exact SU(2), invariant solutions

Now we will identify a set of exact BPS solutions to the equations (f.29) and ({.30) by
imposing additional symmetry. We set the scalars to zero and consider solutions which
preserve an SU(2);, C SO(4) symmetry, rotating Z! and Z?2 as doublets. Since A; and Aj
should transform as fundamental and anti-fundamental representations, respectively, the
only surviving terms in the series expansions are

ZI
Ap = iM=; + Negy 27 (E.1)
T
.z’
Af =N €1 (E.2)

where M, N are constant matrices with no coordinate dependence and M is required to be
a Hermitian matrix.

With the scalars set to zero, the Gauss’ constraint on Fja becomes DjFj2 = 0 and
substituting (E.J)) and (E.9) we find

DiFia=0 — N*,2N+[M,N]] =0, (E.3)

where we used
Fio =—2N —[M,N] . (E.4)

Now using the expression

. NG A A , ek Z8) (e 21)
FU:([M,N]—2N)=7+—ZM<%— — )—Z[N,N] 4 JL
(E.5)
one finds that the condition Fj1 4+ F,3 = 0 becomes
0=M+[N,N"]. (E.6)
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Inserting this back into the condition ([E.J) and rearranging, one finds the final algebraic
conditions on the (numerical) matrices:

0= M+ [N,N"] (E.7)
AM = [N*,[N,M]] + [N, [N*, M]] , (E.8)

where we used [N*, [N, M]] = [N,[N*, M]] at the second equation, which can be derived
from Jacobi identity and the first equation. If we identify the matrices as

M~Z% N~X'4iX?, (E.9)

where X (a = 1,2,3) are the three scalars in a BMN matrix model, these two equations
are exactly the same as the ones obtained by solving the 1/16 BPS equations of BMN
matrix model in [[I].

We can count the degrees of freedom carried by this solution by comparing the matrix
variables and the number of equations. We have 3N? real numbers which should satisfy 2/N?
equations (2 matrix equations), so we are left with N? real degrees of freedom. However,
since we can use the U(NN) global gauge transformation to diagonalize one of the three
matrices, we have N gauge-invariant degrees left. For instance, we may take advantage of
this gauge transformation to make M diagonal.

There is a curious branch of additional modes if this diagonal matrix M vanishes.
Then the counting the number of equations (that is 2N?) in the previous paragraph does
not work, since the second equation simply disappears for M = 0. In this case, the solution
is a diagonal matrix N, which is the SU(2);, invariant part of the U(1)" solutions of the
zero coupling limit of the gauge theory.

Collecting both branches of SU(2), invariant solutions, we have found 2N modes, some
diagonal and others non-diagonal.

F. Appendix to section 5

F.1 Arguments establishing the obstruction at O(gywm)
Dividing the problem into two steps, we may rewrite equation (p.I1)) as:
h=26fi (— h*=04fF) (F.1)
66h — 66h* =i [6fg,6f0] + 2i [f3, fo] - (F.2)
The equation (F.J) is a cousin of the ‘Laplace’ equation with source. We will state an
integrability condition for this equation, which restricts the right hand side of ([F.2). Since

h has antiholomorphic degree zero, one finds from (f.2) that 6 acts on h as a Laplacian
operator r20;0; = %&ri@r + Vg3 which is diagonalized by the functions

Ul = TS, (F.3

where $2:72 are the scalar spherical harmonics of rank s in R*. We expand h in terms of
these functions and impose the following requirements:
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(A) h must be degree zero in Z7.
(B) h must belong to the image of the operator & since h = 4 f;.

With these conditions, we would like to see which spherical harmonics can appear on the
left hand side of (F.J). The answer to this question will constrain the form of the zeroth
order solution fy(Z).

We first examine the condition (A). We choose the convention in which the coordinate
1 used in section [L.] corresponds to the angular momentum j; appearing in the spherical
harmonics S22 (the coordinate relations may be found in appendix [D]). This means that
restricting to functions of antiholomorphic degree zero requires

Z P s, = <%r@ + zap) P SINI2 = (m /2 — jy)r™SITI2 = (. (F.4)
Therefore a spherical harmonic expansion of h will only contain terms of the form 72/ 15912,

Now we study the condition (B). The form h = 6f; = r2el 7 JOrf1 implies that all
terms in h must contain at least 1 factor of either Z' or Z2. This means that, in the
Cartesian coordinate, terms of the form (%)C (%)d do not appear in h. All other terms
can appear in h.

With h satisfying the conditions (A) and (B), we want to know what kind terms in the
spherical harmonic expansion appear on the left hand side of (@) Since the eigenvalue
gy = ST s m(m 4 2) — s(s + 2), the modes in h

which have m = s or m = —(s + 2) are annihilated by §6 and do not appear in §6h. Now

of the Laplacian operating on v
we see the following:

1. From condition (A), m = 2j;, so harmonics with m = —(s 4+ 2) cannot appear in h
at all since |2j1| < s. We therefore conclude that it is the harmonics with m = s
that are constrained not to appear in déh. In Cartesian coordinates, these modes
Vs s = TSS§/2’j2 in h correspond to purely holomorphic terms, (Z)%(Z?)°.

=1\C / 5o\ d
2. From condition (B), the terms (f—;) (f—;) do not appear in h and therefore they

cannot appear in 6dh.

All other 2”] L which appear in a spherical harmonic expansion of h are not an-

nihilated by the Laplacian r20;0; and may appear in §0h. In summary, all terms
51\ C / 50\ d _

(ZYHYe(Z?)P (f—;) (f—;) may appear in 00h except purely holomorphic terms (¢ = d = 0),

and their x conjugates (a = b = 0). Since 66h* = (65h)*, the same constraints apply to the

term 60k on the left hand side of equation ([F.2).

F.2 Integrability constraint without scalars

In this appendix, we explicitly extract the holomorphic portions of the right hand side of
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equation ([F.9). We use the notation of section .1 and first note a useful integral:

/ d39Yk1+n17k2+n2 (Yk17k2)*(Yn1m2)* (F5)
r=1

_ (n1+n2+1)!(k1+’f2+1)!("1+"z+k1+k2+1)!/ d3Q| 71 [Pk | 72 Pzt he)
(2m2)3n1 gtk kol (g 4 K1) (n2 + k2)! r=1

1 ‘ (n1+n2+1)!(k1+k2+1)! ‘ (n1 + kl) (ng + kz) Cn1n20k1k2

_ [ — Jmne
272 n1!nglky ko) (n1 +n2+k1—|—k2+1). Cn1—|—k1,n2-|—k2 kika
This integral allows us to extract the holomorphic component of 2[fF, fo], which is
ofe, fol — Z Yon, (21, 22) Z 2cne [a;;l . am%l,nm} . (F.6)

n1,m2=0 k2,k2=0

We can extract the holomorphic terms of [5 fo.0 fo] in a similar manner. Acting the
operator ¢ on Y, ,,, one obtains

72 Z1
5Yk1k2 = ]{71(1{71+1€2—|—1) Yk1—1 ko — ko (kl—l-k’g—l-l) Yk1 kol - (F?)

The coefficients of the holomorphic term proportional to Y;,,,, can be obtained by observing
that the following integral gives the only nonzero contribution:

/_1 d*Q (5Yk1+n1,k2+n2) (5Yk1,k2)*(ym,m)*

= Cmnz Ck1k2 Cn1+k17n2+k2 /

r=1

d3Q (kl (kl+TL1)’Zl’2(n1+k1_1)‘22’2(n2+k2+1)

+k2(k2+n2)|Z1|2(”1+k1+1)|Zz|2("2+k2—1)
—<k‘1(k‘2—|—n2)—|—k2(k1—|—n1)) |Z1|2(n1+k1)|Z2|2(n2+k2))
k1(ki4+n1)
(Crrtor—1,narteat )
k‘g(/ﬁg—i-ng) B kl(lﬁg—i-ng) + kg(k‘l +n1)>
(Cn1-|-k1+1,n2+k2—1)2 (Cn1+k1,n2+k2)2
= CZ;,?; <k1(n2—|—k2+1) + ko(n1+k1+1) — (kl(k?z-l-m) + ko(k1+mnq) ))
— (hy k)T (F3)

= Cmnz Ck1k2 Cn1+k17n2+k2 <

Note that the above coefficient is just zero for the case (k1, k2) = (0,0). With this integral
in hand, we collect all the holomorphic parts of [ 7,8 fo] + 2[fg, fol,

[ngréf()] +2[f57f0]

o0 o0
Y V22 Y (ka2 [a;m,am%,nm] (F.9)
n1,n2=0 k1,ka=0
o

00
E : CrinsCliks T «

Y"1"2(Z1’Z2) E : (k1+k2+2) % [a’ﬁkzy an1+k1,n2+k2] )
n1,n2=0 k1,ko=0 nitki,notks

which is the result that appears in equation (p.14).
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F.3 Integrability constraint with scalars

In this appendix, we extract the purely holomorphic terms from the source appearing on
the right hand side of equation (.26) in the most general bosonic case, where all scalars
and the gauge field may be nonzero. The treatment of the [¢}”, ¢h] + [S(bf)*, S¢b] part of the
source is very similar to that of appendix [F.2 It gives the following holomorphic terms

(575, 500) + 2153 fol + 1 (164", 6]+ b 65 )

o0 [e.e]
— Z Yoine Z czlll?z < (k1+ko+2) [azle, an1+k1,n2+k2] (F.10)
n1,m2=0 k1,ko=

(k1+k2+1) |: ?9*11627 izrl—kl,nz-f-kz])

»-lle

where we are using the same notation as in section p.1. The remaining term in the source
takes the form (80 + 60)(--- ), where

85 + 56 ‘L 2020,0, — (2 - 0) . (F.11)

We now collect the purely holomorphic portions of this term.
i i il (520 4 i gix]’ _ «(Z
~ (60 +30) [%, i } = (27~ 8,97 — (Z a)) [%,(po ] = F(Z)+F <7~2> ., (F.12)

where the prime denotes only keeping the terms in [¢, ¢*] which would give holomorphic
plus conjugate terms in the right hand side. We have seen in section p.1] that 9;0; cannot
produce any such terms and therefore the holomorphic part of the 6§ + 68 contribution to
the source is simply the holomorphic part of

1

~1(2-0) [ng, 6*] - (F.13)

Collecting all contributions, we find that the holomorphic part of the source is

[875.6f0] +2Lf50 fol + + 7 ([0 b + [pei™00h] ) + i(z 0) .04 -
— i Yoino i X CZ:,?Q < k1+ka+2) [azlk2, am—l-lﬂ,nz-f-kz} (F.14)
n1,n2=0 k1,ko=

1 - .
+Z (n1+n2+k1+k2+1) |: 21]627 b:bl+k1,n2‘|‘k2:|>
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